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Abstract. Let Od be the Cuntz algebra on generators Si, . . . , Sd, 2 < d < oo, 
and let T>d Q Od be the abelian subalgebra generated by monomials S a S* = 
■^Q! ' ' ' ^a k ^a k ' " &ai where a = (ai...Qfc) ranges over all multi-indices 
formed from { 1 , . . . , d}. In any representation of Od, T^d may be simulta- 
neously diagonalizcd. Using S, (S a S*) = (S- S* ) S iy we show that the oper- 
ators Si from a general representation of Od may be expressed directly in terms 
of the spectral representation of T>d- We use this in describing a class of type 
III representations of Od and corresponding cndomorphisms, and the heart 
of the memoir is a description of an associated family of AF-algebras arising 
as the fixed-point algebras of the associated modular automorphism groups. 
Chapters 5—18 are devoted to finding effective methods to decide isomorphism 
and non-isomorphism in this class of AF-algebras. 



Key words and phrases. C*-algebras, Fourier basis, irreducible representations, Hilbert 
space, wavelets, radix-representations, lattices, iterated function systems. 
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Preface 



The present memoir consists of two parts. The first part encompasses Chapters 
1-4, and is concerned with the description of a class of representations of the Cuntz 
algebra Od, starting out with a very general description of such representations. 
The second part encompasses Chapters 4-18 and is a description of a class of AF- 
algebras with constant incidence matrices J of the special form (6.1). The two parts 
are thus connected by Chapter 4, where it is explained how these AF-algebras arise 
as the fixed-point algebras of modular automorphism groups associated to certain 
states on Od- Readers who are not interested in representation theory can therefore 
read the memoir from Chapter 5. Since the special examples we study can be 
understood very concretely, we hope that the memoir may serve as an invitation for 
graduate students who want to study isomorphism and invariants in more general 
settings. 

Oslo, Iowa City and Kiev, June 1999, January 2003, and May 2003 
Ola Bratteli Palle E. T. Jorgensen Vasyl' Ostrovs'kyi 
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Introduction 



The origin of this monograph was the desire to understand certain concrete 
operator relations arising as realizations of filtering processes in signal theory. Our 
research did, however, lead us naturally in the direction of analyzing certain non- 
commutative dynamical systems and their fixed points and states. In this introduc- 
tion, we give an overview of the contents of the monograph in three stages: First 
(1) a very general discussion, then (2) a discussion with more specific definitions 
and details, and finally (3) a detailed technical account of what the paper actually 
contains. 



1. General discussion and motivation. This monograph is centered around 
the issue of distinguishing a particular family of AF-algebras, those which arise as 
the centralizcrs of certain states on Cuntz algebras — or equivalently, as the fixed- 
point algebras under certain one-parameter subgroups of the gauge action. (The 
Cuntz algebras are the range of a functor from Hilbert space into C*-algebras. The 
term AF-algebra is short for approximately finite-dimensional C*-algebra. Both 
the Cuntz algebras and the AF-algebras play a role in several areas of mathemat- 
ics, e.g., if -theory and dynamical systems, and in applications, for example to 
statistical mechanics [19].) While AF-algebras generally are classified up to stable 
isomorphism by the equivalence classes of their Bratteli diagrams, or by the iso- 
morphism classes of their ordered dimension groups, none of the three items in this 
triple of equivalence classes, of AF-algebras, Bratteli diagrams, or ordered dimen- 
sion groups, respectively, is especially amenable to computation. In this memoir, 
we therefore try to approach the subject via classes of concrete examples, which 
do in fact admit algorithms for distinguishing isomorphism classes, in particular 
by the computation of numerical invariants which distinguish these classes. The 
examples are chosen so they illustrate in a concrete manner the main issues of 
computation in each of the three incarnations, AF-algebras, Bratteli diagrams, or 
dimension groups. The terms in this paragraph will be defined in Section 2 of this 
introduction. 

The first part of our memoir is in a sense divorced from the central theme, that 
of numerical invariants. But we feel that it helps the reader see how the main issue 
fits into a wider context, and hopefully it will help the reader make connections to 
the areas of mathematics and its applications which are touched upon in a more 
indirect manner. The ubiquitous Cuntz algebras and their representations have a 
surprising number of applications in a wide range of areas, also outside the subject 
of operator algebras, such as wavelets and dynamical systems, to mention just two. 
One of the recent areas of application of dimension groups and Perron-Frobenius 
structures is to notions of equivalence for symbolic dynamics, and more specifically 
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subshifts. Section 7.5 in the book [63] serves as an excellent background refer- 
ence. In particular, it describes how substitution matrices and dimension groups 
are derived from symbolic systems in dynamics, and it gives the basics on some 
of the numerical invariants used there. The matrices that we encounter in the 
context of AF-C* -algebras are a subclass of those used for the general dynamics 
problem, and our notion of equivalence is weaker. As we show in [13], our notion 
of C* -equivalence for two dimension groups corresponds to a weaker concept of 
equivalence than the ones of strong shift equivalence and shift equivalence. The 
latter are nicely surveyed in [91], which also recounts the history of the Williams 
problem, and its resolution. 

Let us give a short rundown of this problem. In the rest of this paragraph, let 
the term 'matrix' mean 'matrix over the nonnegative integers'. Then two square 
matrices J, K are elementary shift equivalent if there exist matrices A, B such 
that J = BA and K = AB. Wc say that J, K are shift equivalent of lag k if 
A J = KA, BK = JB, BA = J k , and AB = K k hold for some matrices A, B, and 
they are shift equivalent if they are shift equivalent of some lag k in N. Thus shift 
equivalence of lag 1 is the same as elementary shift equivalence [63, Proposition 
7.3.2]. The matrices J, K are strongly shift equivalent if they can be connected 
by a finite chain of elementary shift equivalent matrices. (Note that elementary 
shift equivalence is not an equivalence relation; it is not transitive.) Strong shift 
equivalence trivially implies shift equivalence [63, Theorem 7.3.3], but the converse 
is the longstanding Williams conjecture, and it is not true [57], even when J and K 
are irreducible [58]. The conjecture was stated in [93]. The properly weaker notion 
of C* -equivalence or weak equivalence of two square matrices A, B is defined by 
the existence of a sequence A±, B\, A%, B2, ... of matrices and sequences (rife), 
(m k ) of natural numbers such that 

J" fc = B k A k 
K m » = A k+l B k 

for A; = 1,2,.... 

One notes that the numerical invariants that are known in the subject have 
a history based on computation, and that applies to the issue of C* -equivalence, 
also called weak equivalence, as well. And the invariants for weak equivalence are 
different from those used in [91] and the papers cited there. The latter are based 
on sign-gyration conditions, cohomology, and the if -theory group K 2 - see [91, 
Section 1]. A part of the paper [91] further describes a class of one-dimensional 
systems for which equivalence up to homeomorphism is decided by weak equivalence 
(C* -equivalence) for the corresponding dimension groups. 

Chapter 1 is a discussion of the spectral decomposition of representations of 
the Cuntz algebras relative to canonical MAS As (maximal abelian subalgebras). 
It serves as a pointer to how the particular AF-algebras in Chapter 4, which form 
the basis for our analysis, arise. But the dimension groups of the AF-algebras 
which result as fixed-point subalgebras from our operator-theoretic construct turn 
out also to come up in other areas of mathematics, and readers primarily inter- 
ested in dynamics may wish to consult [63], or [5] for this alternative use of the 
same special dimension groups. These problems have a flavor of algebraic num- 
ber theory; see also [14]. Chapter 2 specialises the general setup of Chapter 1 to 
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a certain class of representations of the Cuntz algebras, and the chapter is moti- 
vated partly by the representations arising from wavelet theory. These chapters 
describe basic theory of Cuntz-relation representations which has also been consid- 
ered in [70, Section 2.5.3]. Chapter 3 is devoted to so-called KMS states (short 
for Kubo-Martin-Schwinger states) from statistical physics. More specifically, we 
look at KMS states of the dynamic defined by one-parameter groups of quasi-free 
automorphisms on a Cuntz C*-algebra. One theorem gives a characterization of 
when there is, or is not, such a KMS state. Chapter 4 determines when, in this 
situation, the fixed-point algebra is AF, and gives an outline of how to go about 
computing the corresponding Bratteli diagrams. Since a main aim of the memoir is 
to make an otherwise technical subject concrete, many examples are offered to help 
the reader appreciate the abstract theorems, and to motivate the numerical invari- 
ants that are introduced later. The rest of the memoir is devoted to the analysis of 
the isomorphism classes of these AF-algebras. Thus the initial chapters are mainly 
devoted to setting up the class of AF-algebras to be considered. But we feel that 
they are of independent interest, and have relevance outside the particular issue of 
AF-algebra classification. Part A is representation-theoretic, while Part B describes 
numerical invariants for the AF-algebra classification context, and associated Brat- 
teli diagrams. There are discussions of special cases of the general problem which 
are related to: (i) the Williams problem (the issue of understanding the two main 
ways of classifying dimension groups in dynamics — see [91] for more on this con- 
nection); (ii) Krieger's theorem and conjugacy of the corresponding actions on the 
Cuntz algebras (see [63]); (iii) invariants related to the Perron-Frobenius eigen- 
value; and (iv) more algebraic invariants with examples, or situations where the 
invariants become complete. 

The one-parameter groups of automorphisms that we consider act upon the 
Cuntz algebras, and they are called gauge actions; they scale the generators with a 
unitary gauge. Our analysis is focused on the corresponding fixed-point algebras: 
their classification, and their significance in, for example, symbolic dynamics. But 
there are analogous and interesting questions for more general C*-algebras which 
arise in dynamical systems, for instance the Cuntz-Krieger algebras O a- These 
are algebras, naturally generalizing the Cuntz algebras, defined on generators Si 
and relations, the relations being given by a 0-1 matrix A. The matrix A in turn 
determines, in a standard fashion, sec [63], a state space Sa for a dynamical system 
called a subshift. While we will not treat them here, our methods suggest directions 
for future work on other gauge actions, as illustrated by recent papers of Exel, Laca, 
and Vcrshik, for example [43] and [41, 42]. A gauge action on an algebra scales the 
generators by a unitary phase, and a recent paper [40] defines the notions of gauge 
action and KMS states in the setting of Cuntz-Krieger algebras. While our present 
analysis for the Cuntz algebras is relatively managable for computations, involving 
only Perron-Frobenius theory for finite matrices, the analogous analysis of Exel if 
carried through would instead be based on an infinite-dimensional version of the 
Perron-Frobenius theorem, due to Ruellc (sec [81] and [82]). In Ruelle's theorem, 
the finite matrix from the classical Perron-Frobenius theorem is replaced by an 
operator, now called the Ruelle transfer operator (see [54], [12, Section 3.1]), and 
the Perron-Frobenius left eigenvector from the classical case, by a measure on the 
state space Sa- The Ruelle transfer operator acts on functions on the compact 
space Sa, and the right Perron-Frobenius eigenvector is a continuous function on 
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Sa- Following the model from the simpler case of the Cuntz algebra, and using the 
Ruelle-Perron-Frobenius theorem, Exel in [40] computes the KMS states for the 
Cuntz-Krieger algebras, and it would be interesting to analyze the issues of fixed- 
point subalgebras and state centralizers in this context. Relevant for our present 
analysis is the fact that unital endomorphisms of B(H) are known to correspond 
to representations of the Cuntz algebras Od, and the integer d is the Powers index. 
The corresponding index in the setting of [40] is not necessarily integer-valued, 
but some methods in our memoir point to generalizations and future directions of 
research in this and other algebraic settings of symbolic dynamics. 

The use of certain representations of Od in wavelet theory is outlined in [12, 
Exercises 1-11, 1-12, and 2-25]. The starting observations there are the facts 
(i) that the system of frcqucncy-subband filters with d subbands is known to satisfy 
the relations which define representations of Od, and (ii) that the multiresolution 
approach to wavelets is based on subband filters. 

Yet other uses of the representations of the Cuntz algebras Od to dynamics 
include the work of J. Ball and V. Vinnikov [1, 2] on Lax-Phillips scattering theory 
for multivariable linear systems. These two papers develop a functional model for 
representations of Od in a setting which is more special than that of Theorem 1.2 
below. 

The original AF-algebra in [6] had Pascal's triangle as its diagram and arose 
as the fixed-point algebra of the standard infinite-product-type action of the circle 
on the infinite tensor product of a sequence of full 2x2 matrix algebras. Infinitc- 
tensor-product-type actions of more general compact groups have been considered 
by Anthony Wassermann, Adrian Ocneanu and others, and the fixed-point alge- 
bras are related to the AF-algebras occuring in Vaughan Joness subfactor theory, 
which again has important applications in knot theory, low-dimensional manifolds, 
conformal field theory, etc.; see [38, 49]. But this is far outside the scope of the 
present monograph. 

As noted in [65], the list of applications of Bratteli diagrams includes such areas 
of applied mathematics as the fast Fourier transform, and more general Fourier 
transforms on finite or infinite nonabelian groups. These transforms in turn are 
widely used in computational mathematics, in error-correction codes, and even in 
P. Shor's fast algorithm for integer factorization on a quantum computer [83, 84]. 
As reviewed in [65], the effectiveness of the Bratteli diagrams for development of 
algorithms pays off especially well when a sequence of operations is involved, with 
a succession of steps, perhaps with a scaling similarity, and with embeddings from 
one step into the next. In the case of matrix algebras, the embeddings are in the 
category of rings, while for groups, the embeddings are group homomorphisms. The 
number of embeddings may be infinite, as it is in the applications in the present 
memoir, or it may be finite, as in the case of the fast-Fourier-transform algorithms 
of Cooley and Tukey, see [65]. 

The discrete Fourier transform for the cyclic group 1/ nL involves the unitary 
matrix ^ ( e * 27r "'' c ^")™/ £= o anc ^ xs °^ com Pl ex ity 0(n 2 ). If n is a composite number, 
such as n = 2 fe , then there are choices of Bratteli diagrams built on TL/nL which 
turn the discrete Fourier transform into a fast Fourier transform of complexity 
0(n log n). For each of the Bratteli diagrams formed from a sequence of subgroups 
of 1/ nZ, the corresponding fast Fourier transform involves a summation over the 
paths of the Bratteli diagram. 
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The subject of this memoir is developing into a long-term programme by the 
authors, also in collaboration with Kim and Roush [13, 14, 15]. The results are of- 
ten somewhat technical. The paper [91] provides a beautiful survey of the Williams 
problem, its history, and its resolution. The subject of equivalences, strong, shift 
equivalence, or weak equivalence, is situated neither directly in operator algebras, 
nor perhaps precisely in dynamical systems or wavelet analysis, but rather inter- 
mingles these, and more, areas of mathematics. 

Let us now add more specific definitions and go into more details: 

2. Three ways of measuring isomorphism. During the sixties and seven- 
ties it was established that there is a one-to-one canonical correspondence between 
the following three sets [6, 30, 32, 33, 34, 47]: 

(i) the isomorphism classes of AF-algebras, 

(ii) the isomorphism classes of certain ordered abelian groups, called dimen- 
sion groups, 

and finally 

(iii) the equivalence classes of certain combinatorial objects, called Bratteli 
diagrams. 

In more recent times, this has led to an undercurrent of misunderstanding that 
AF-algebras, which are complex objects, are classified by dimension groups, which 
are easy objects, and that this is the end of the story. However, as anyone who has 
worked with these matters knows, although for special subsets it may be easier to 
work with one of the three sets mentioned above rather than another, in general the 
computation of isomorphism classes in any of the three categories is equally difficult. 
Although dimension groups are easy objects, their isomorphism classes in general 
are not! One may even be tempted to flip the coin around and say that dimension 
groups are classified by AF-algebras. If one thinks about isomorphism classes, this 
is logically true, but the only completely general method to decide isomorphism 
classes in all the cases is to resort to the computation of the equivalence relation 
for the associated Bratteli diagrams. This problem is not only hard in general, 
it is even undecidable: There is no general recursive algorithm to decide if two 
effective presentations of Bratteli diagrams yield equivalent diagrams [66] . In this 
memoir, we will encounter this problem in a very special situation, and try to 
resolve it in a modest way by introducing various numerical invariants which are 
easily computable from the diagram. In the situation that the AF-embeddings 
are given by a constant primitive nonsingular matrix, the classification problem 
has, after the writing of this monograph, been proved in general to be dccidablc 
[13, 14, 15]. 

Recall that an AF-algebra is a separable C* -algebra with the property that for 
any e > 0, any finite subset of the algebra can be approximated with elements of 
some finite-dimensional *-subalgebra with the precision given by e. An AF-algebra 
is stable if it is isomorphic to its tensor product with the compact operators on a 
separable Hilbert space. A dimension group is a countable abelian group with an 
order satisfying the Riesz interpolation property and which is unperforated. The 
Bratteli diagram is described in [6], [29], and [38], and the equivalence relation is 
also described in detail in [7] and in Remark 5.6. (All these concepts will be treated 
in some detail in Chapter 5, where it is also explained that the stability assumption 
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on the AF-algebra can be removed by putting more structure on the group and the 
diagram.) 

Recently there has been a fruitful interaction between the theory of dynamical 
systems, analytic number theory, and C*-algebras. In [4], the authors show how 
/3-KMS states may be used in understanding the Riemann zeta function, and vice 
versa. In [88], [21], [37], [49], [39], [52], [55], and [60], certain dynamical systems 
are used to generate new simple C* -algebras from the Cuntz algebras, and to better 
understand the corresponding isomorphism classes of C*-algebras. The results in 
Chapter 4 should be contrasted with results of Izumi [53] and Watatani [92] which 
deal with crossed product constructions built from the Cuntz algebras Od- Here 
we study the AF-subalgebras of Od formed from the one-parameter automorphism 
groups of Chapter 3. 

It follows from the definition of the O^-relations that they are well adapted to 
(i-multiresolutions of the kind used in wavelets and fractal analysis. The number d 
represents the scaling factor of the wavelet. This viewpoint was exploited in recent 
papers [16], [9], [10], and [28]. While the representations for these applications 
are type I, the focus in the present memoir is type III representations of Od, and a 
family of associated AF-C*-algebras 21 l (C Od for some d). These representations 
arise from a modified version of the technique which we used in generating wavelet 
representations. This starting point in fact yields a general decomposition result 
for representations of Od which seems to be of independent interest. To understand 
better the resulting decomposition structure, we will establish that the centraliz- 
crs of these states are simple AF-algebras, and that the Bratteli diagrams have 
stationary incidence matrices J of a special form given in (7.2). (In general the 
centralizer of a state w on a C* -algebra 21 is defined as the set of x <E 21 such that 
u> (xy) = uj (yx) for all y S 21. If u is a KMS state with respect to a dynamical 
one-parameter group tr, as in (3.3), then this is equivalent to saying that x is a 
fixed point for the dynamic a.) Clearly the rank of the corresponding dimension 
group is an invariant, but it appeared at first sight that different matrices J and J' 
would yield non- isomorphic AF-algebras 21 j and 21 j> . This turns out not to be the 
case, however, and the bulk of the memoir concerns numerical AF- invariants. It is 
not easy to get invariants that discriminate the most natural cases of algebras 2lj 
that arise from this seemingly easy family of AF-algebras. There is a connection 
to subshifts in dynamical systems, but if subshifts are constructed, from J and 
J', say, we note that strong shift equivalence in the sense of Krieger is equivalent 
to J = J', while isomorphism of the AF-algebras 21 j and 21 j/ turns out to be a 
much more delicate problem; see also [13]. While we do not have a complete set 
of numerical AF- invariants for our algebras 21,/, we do find interesting subfamilies 
of 2tj's which do in fact admit a concrete isomorphism labeling, and Part B of the 
memoir concentrates on these cases. In contrast, we mention that [14] and [15] do 
have general criteria for C* -isomorphism of the algebras 21 j, but those conditions 
are rather abstract in comparison with the explicit and numerical invariants which 
are the focus of the present memoir. A complete algorithm for C*-isomorphism is 
written out in [14, pp. 1651-1653 and corrigendum]. 

Let us now go into even more nitty-gritty technical details: 

3. Detailed outline. The Cuntz algebra Od with generators Si and relations 
s i s j — $ij ; 1> J2i=i s i s i — 1 contains a natural abelian subalgebra T>d = C (fl^ %d), 
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Zd = {1, . . . , d} (see [26]). We relate general representations of Od with the spectral 
resolution of the restriction of the representation to T>d- From this, we read off 
cocycle formulations of the factor property, irreducibility, and of equivalence of 
representations. We then specialize to the representations associated with the GNS 
construction from states to = uj p on Od indexed by pi > 0, Y^h=\ Vi — ^^ given by 

W ( s oi ' ' ' S a k s fi ' ' ' S 7i) = SklS ai j 1 ■ ■ ■ S ak j k p ai ■ ■ ■ Pa k 

where a and 7 are multi-indices formed from Z<j. The cyclic space H UJp , for (pi) 
fixed, is shown in Chapter 2 to have a bundle structure over the set of all Zd -multi- 
indices with fiber £ 2 (Ed) where §d is the free semigroup on d generators. 

Let L = (Li, . . . , Ld) € R d , and consider the one-parameter group a L of *-au- 
tomorphisms of Od defined by 

(Jt(s j )=exp(itL j )s j . 

It can be shown ([35], or Proposition 3.1) that <r L admits a er L -KMS state, at some 
value /?, if and only if all Lj's are nonzero and have the same sign. This value (3 is 
then unique and is defined as the solution of 

Ee-^ = 1, 
fe=i 

and the (u L , 0)-KMS state is then also unique, and is the state defined in the 
previous paragraph with pk = e~P Lk . Note that the group a L is periodic if and 
only if any pair Lj, Lk is rationally dependent. In that case, let 21l be the fixed- 
point subalgcbra in Od under the action a L . We show in Chapter 4 that 21l is an 
AF-algebra ([6], [32]) if and only if all L^s have the same sign, and furthermore 
the 21l's are then simple with a unique trace state (namely the restriction of the 
state in the previous paragraph to 21l). We compute the Brattcli diagrams of 
the 21^ in this case, and show (using a result from [25]) that the endomorphism 
P ( a ) := Si=i s i as i restricts to a shift (in the sense of Powers [77]) on each of the 
algebras 2t L , i.e., |X=i P k (^l) = CI. 

While the dimension group D(QL L ), described in [6], [34], [32], and [29] in 
principle is a complete AF- invariant, we have mentioned that its structure is not 
immediately transparent. For the present AF-algebras 21^, the classification is 
facilitated by the display of specific numerical invariants, derived from D (21l), but 
at the same time computable directly in terms of the given data (Li, . . . , Ld). These 
invariants are described in Chapters 6-17 where their connection to Ext is partially 
explained. 

Let us give a short road map to the various invariants introduced and where it 
proved that they are invariants (sometimes in restricted settings): Kq (21l) in (5.6), 
(5.19); t (K (2l L )) in (5.22); D (2l L ) = (K (2l L ) , K (2l L ) + , [1]) in (5.30); kerr in 
(5.31); Q [A] together with the prime factors of A before (6.1); N, D, Prim (mjv), 
Prim (Qn-d), Prim (Rd) in Theorem 7.8; Ko (Sl^)®^™ and ker r®zZ n in Chapter 
8, M in (8.26); rank£fc in Corollary 9.5; class in Ext (r (Ko (21l)) , kerr) in Chapter 
10; D\ {K (2li)) in (11.57)-(11.58); I (J) in (17.12) and Corollary 17.6. In general 
it is very hard to find complete invariants apart from D (21l), even for special sub- 
classes; but if the Perron-Frobenius eigenvalue A of J is rational (and thus integral) 
and N = 2 and Prim (A) = Prim(m 2 /A), then Prim (A) is a complete invariant by 
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Proposition 13.3. The same is true if the condition Prim (A) = Prim(m2/A) is 
replaced by Prim (A + ^) C Prim (A) by Proposition 13.4. 

In Chapter 16 we give a complete classification of the class A = 2, N = 2,3,4. 
This class contains 28 specimens, and it turns out that all of them arc non- 
isomorphic except for a subset consisting of the three specimens in Figure 19. 

The most striking classification result for a restricted, but infinite, class of 
examples in this memoir is that if A = m^, then (N, Prim A, I ( J)) is a complete 
invariant. This is proved in Theorem 17.18. 

In addition to these formal invariants there are very efficient methods to decide 
non-isomorphism when A is rational based on a quantity t (v) = (a\v) defined in 
(11.3)-(11.4); see Theorem 11.10, Remark 11.11, Corollaries 11.12-11.13, Scholium 
11.24. In fact I (J) = A w_1 (a \ v) = \ N ~ X times the inner product of the right and 
left Pcrron-Frobenius eigenvectors a, v of J, normalized so that a\ = v\ = 1. 

In two new papers [14, 15] written jointly with K.H. Kim and F. Roush, we 
give a completely general algorithm to decide C*-equivalence of two square matrices 
A and B. In its most general form, however, this general algorithm is not merely 
based on the computation of a complete set of invariants, and the methods of the 
present monograph arc still most useful for the particular examples arising from 
the noncommutative dynamical systems we are considering. 



Part A 

Representation Theory 



CHAPTER 1 



General representations of Od on a separable 

Hilbert space 



Representations of the Cuntz algebras Od play a role in several recent papers; 
see, e.g., [37], [16], [21], [22], [23], [31], [92], [53]. Since O d is purely infinite, there 
are few results that cover all representations. The following result does just that, 
and serves as a "noncommutative spectral resolution" . We will use the convention 
that Si denotes the representative of the Cuntz algebra generator Si in any given 
representation. 

Let 51 = Y[T ^d, and let a be the right shift on SI: 

(1.1) a(x 1 ,x 2 ,...) = (x 2 ,x 3 ,...) 
Define sections <Ji of a by 

(1.2) a i (x 1 ,x 2 , . . .) = (i,Xi,x 2 , . . .) , 

for i = 1, . . . , d. Note that a is a d-to-1 map and that the sections are injective. 
The sets 

(1.3) Qi=ai(Q) 

form a partition of the Cantor set f2 into clopen sets. The cr, are right inverses of 
a: 

(1.4) <7<7, = id 

for i = 1, . . . , d. If \i is a probability measure on fi, we say that fi is cr-quasi- invariant 
if 

(1.5) n(E) = 0=^v{a- 1 (E))=0 

for all Borel sets E C Q, and we say that fi is di-quasi-invariant if 

(1.6) v(E) = Q=^v(v- 1 (E))=0 
for all Borel sets E C fi, where 

err 1 (E) = {x\a l (x) = {i, x u x 2 , . . . ) G E} , 
a' 1 (E) = {x | a (x) = (x 2 , x 3 , . . . ) e E} . 
The set of d conditions (1.6) is equivalent to the set of d conditions 

(1.8) fjL{ < r i (F))=>n(F) = 

for i = 1, . . . , d. The condition (1.5) is implied by, but does not imply, the condition 

(1.9) n(a(F))=0=>»(F) = 0. 
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(Conditions like (1.8) and (1.9) make sense in this setting since Cj and a are local 
homeomorphisms, and thus map measurable sets into measurable sets.) Note that 

(1.10) <j- 1 (E)=\J* 1 (E) 

i 

for all sets E by the chain: x G 1J- Oi (E) x = iy for some i — 1, . . . , d, 

y G E a (x) G E x G o~ x (E). Note also that if p is both a- and 

(Ti-quasi- invariant, we have the connection 

dpjojA^)) = dp(a t (y)) = f d ^ oa \ 1 ( ( \\ 
dp(y) dfiivviiy)) \ dp J {ai[y)) 
between the Radon-Nikodym derivatives. 

Note also that the two quasi-invariance conditions (1.5) and (1.6) together 
imply the d equivalences 

(1.11) p(E)=0 n (a t E) = 0, i = 1, . . . , d, 

for all Borel sets EC.fl, and that (1.11) implies the cr-invariance (1.5). (When 
referring to (1.6) (or (1.11)) in the following we mean "(1.6) (or (1.11)) for all 
i= 1, . . . , d"). Let us prove this. 

(1.5) fc (1.6) =» (1.11) : If (1.5) and (1.6) hold and p (E) = 0, it follows from 

(1.5) that n (a- 1 (E)) = and hence from (1.10) that ^i{a t {E)) = for all i. 
Conversely, if \x (cTj (E)) = for some i, then since E — a^ 1 a i E it follows from 

(1.6) that fi(E) = 0. 

(1.11) =>• (1.5) : Assume that (1.11) holds and that fj, (E) = 0. Then pt (a, t (E)) = 
for all % by (1.11) and hence fj, (a- 1 (E)) = by (1.10). 

The condition (1.11) does not, however, imply (Ti-quasi-invariancc (1.6), by the 
following example: d = 2, fi = ^-measure on (1,1,1,...). Then (1.11) holds for 
all E, but (1.6) fails for E = {(2, 1,1,1,... )} and i = 2. In this case (i is c-quasi- 
invariant and a\ -quasi-invariant, but not 02-quasi- invariant, so (1.5) does not imply 
(1.6). More interestingly, the converse implication is always valid: 

Proposition 1.1. If fi is a probability measure on ft and [i is a \- quasi- invariant 
for i = 1, . . . , d, then [i is a -quasi-invariant. 

Proof. Put pi (y) = d ^ a ^y^ ■ Since the maps Oi are injective and have disjoint 
ranges, there is actually one function G such that 

(1-12) G(a i (y))=p i (y). 

One now proves as in (1.38) below (the tacit assumption there that /i is c-quasi- 
invariant is not needed for this) that 



(1.13) / g (x) dp (x)= R (g) (x) dp (x) , 

where 

(1-14) R{9){x)= £ G(y)g(y). 



v 

o(y)=x 



Note that the Ruelle operator R has the property 
(1.15) R(foa)=R(l)-f, 
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by the computation 

R(foa)(x)= £ G (y) f (a (y)) = f (x) ]T G (y) = f (x) R (1) (x) . 

y if 

a(y)=x c(y)=x 

We observe that is a positive function by (1.14) and it is /z-integrable, as can 

be seen by using (1.13) on g = 1. If / is a positive bounded function on we have 
from (1.15): 

(1.16) n{f o a) = n (R (/ o cr)) = [i (R (1) • /) . 

Putting / equal to characteristic functions, the cr-quasi-invariance (1.5) of fi is 
immediate. □ 

As a final note on invariance, observe that (1.11) implies the condition 

H(E)=0 0(a(£7))=O, 

by the following reasoning. Assume (1.11) throughout. If fj,(a(E)) = 0, then 
fi(<7icr(E)) = for all i, but as E C \J i o- l a(E) it follows that (E) = 0. Con- 
versely, if \i (E) = 0, write E bs E = \J i cr i (Ei), and then \x (<7j (2%)) < M (-^) = 0; 
and hence, as a (E) = (J - <7j (-£»), we have /z (a (E)) = 0. 

We now come to the main result in this chapter. 

Theorem 1.2. For any nondegenerate representation Sj i— » 5 o/ 0^ ok a sepa- 
rate Hilbert space H, there exists a probability measure fi on £1 which is Oi-quasi- 
invariant for i = 1, . . . ,d (and thus a- quasi-invariant by Proposition 1.1), and a 
measurable direct integral decomposition 

/■© 

(1.17) U = \ H(x) dn{x) 

Jn 

of H into Hilbert spaces H (x) such that the spaces H (x) are constant (have fixed 
dimension) over a-orbits in f2, and there exists a measurable field Q 3 x U (x) 
of unitary operators such that if 



(1.18) £ = / £{x) <M*) 
is a vector in H, then 

(1.19) I® (Sit)(x) dfi(x), 

Jn 

(1.20) S*£ = r (5*0W ^W, 

Jo 

w/iere 

(1.21) (s i c)w = Xi w/)Wc/we(<7(x)), 

(1.22) (5*0 (x) - p (a, (x))- 1 £/ (a, (a))* £ (^ (x)) . 



Here 

(1.23) p(x) 



d/i (cr (x)) 
d/i (x) 
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SO 



that 



(1.24) p{a . ix)) -i = ^ 



dfj, (<jj (z) ) x 1 " 
dfi (x) 



and 

(1.25) Xi (x) = 



1 if xi = i, 
otherwise. 



Conversely, if fi, TL, x i— » TL (x) and x t— > U (x) satisfy all the conditions in the 
initial part of the theorem, the formulae (1.19)-(1.24) define a nondegenerate rep- 
resentation of Od on TL. 

Remark 1.3. At the outset the formula (1.21) does not make sense, since U (x) 
is an operator on TL (x), while £ (a (x)) G TL{a (x)). Here we have actually made 
an identification of the Hilbert spaces TL (x) over each orbit of a. The Hilbcrt 
spaces over each cr-invariant set have constant dimension ^(-almost everywhere by 
the argument after (1.53) below. Hence if we define 

ft(n) = { x e ft | dim {TL {x)) = n} 

for n = 1, 2, . . . ,H , then the sets ft(„) are /x-measurable and a-, as well as <r,-, 
invariant up to sets of measure zero. If TL n is the Hilbert space of dimension n for 
n = 1, . . . , H , then we may identify TL (x) with TL n for x G ft(„), and we have the 
decomposition 



TL 



i N .0 N 

ft (a;) dn (x) = / W (a:) d/x (ir) = W„ ® L 2 (ft ( „ } , d/x) 



Hence we may view U (x) as a unitary operator on TL n for all x G ft(„). Since the 
fi(„) are cr- and (Ti-invariant, the formula (1.21) is meaningful, and expressions like 
the one on the third line of (1-42) make sense since £ (x) and n(a(x)) lie in the 
same Hilbert space. The direct sum above is a decomposition of the representation 
of Od- See also Remark 1.5, and see the book [70, Section 2.5.3] for more details. 

Before proving this theorem, let us consider the intertwiner space between two 
representations Sj Si and Sj i— > Tj. Recall that an operator T intertwines these 
representations if and only if it intertwines the operators Si, Tf. 

(1.26) TS t = T{T, i = l,...,d. 

"Only if" is obvious. As for "if", note that if T satisfies (1.26), then 

d 

(1.27) T*T = Y,T*TSjS* 

d 

= Y; T i T o TS *3 
3 = 1 

= TS*. 

Theorem 1.4. Let Si, Si be representations of Od on separable Hilbert spaces 

(1.28) TL = [ TL{x) d[i{x) 

Jn 
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and 

_ /•© 

(1.29) H = / W(ar) d/i(a:) 

Jn 

as defined in Theorem 1.2. Partition £1 info i/iree a-invariant Borel sets 

(1.30) !1 = !]oU1!iU!]2 

s«c/i £/iai /it anrf /i are equivalent on Cto, fi(£li) = 0, and /j, (O2) = 0. TTien an 
operator T G B(H,H) is an intertwiner between the two representations, i.e., 

(1.31) T5« = S,T, 
i/ and onZy i/ T /ias a measurable decomposition 

(1.32) T = / T(a;) d/i(a;) 

■/fi 

where T (x) <E B (H (x) , 7i (x)) and 

(1.33) T{x)U{x) = U(x)T(a(x)) 
for almost all x G f2 . 

Remark 1.5. In particular, if 5^ = Tj, the commutant of the representation con- 
sists of all decomposable operators 



(1.34) T = T(x) d/j, (x) 

Jn 

such that 

(1.35) T (x) U (x) = U (x) T (a (x)) 

for almost all x € fi, and the center of the representation consists of all decompos- 
able operators 

(1.36) T= f \(x)t H{x) d^(x) 

Jn 

where the scalar function A 6 L°° (Q, d/i) is er-invariant. Thus the representation 
is a factor representation if and only if the right shift on L°° (Q, dfi) is ergodic. If 
in addition dim(H (x)) = 1 for almost all x, then the representation is irreducible 
since (1.35) then only has the trivial solutions T (x) = const. 

Note that if the right shift on L 2 (SI, d/z) is ergodic, then dim (H (x)) is constant 
for almost all x, and if Ho is a Hilbert space of that dimension, then we have an 
isomorphism 



/ 

Jn 



H (x) dii (x) = L 2 (SI, dn) <g> Ho 

in 

and U may be viewed as a measurable function from SI into the unitary group 
U (Ho) on Ho- The element T is then a function from f2 into B (Ho) and (1.35) 
takes the form 

T(x) = U(x)T(a (x))U* (x) . 

Thus the commutant of the representation is canonically isomorphic to the fixed- 
point algebra in 

L°° (SI, du) ® B (Ho) = L°° (SI, B (Ho)) 
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for the endomorphism 

Ti — > U{Toa) U*. 

Cocycle equivalence of functions with values in groups G of unitaries have been 
studied recently in ergodic theory; see, e.g., [72, 73]. Equation (1.33) above in 
that setup is the assertion that U and U (taking values in the corresponding G) 
are cohomologous. 

Proof of Theorem 1.2. We will first verify that the relations (1.17)-(1.25) define a 
representation of Od, and verify that its restriction to the abelian subalgebra 

(1.37) V d = C*(s a s* Q 



ae]Jz d 

1 

is the spectral representation. If g e L 1 (ft, dfi), we have 

(1.38) f g{x)dfi(x)=^2 f g(x)dn(x) 

Jn l Jsi, 

dp(<Ji (y)) 



d/j.(y) 



= £/ ' 9^y))^p^d, { y) 
= E / 9 (<n (y)) p (°i (y)V 2 dp, (y) 

i 

= j Q ( E 9(x)G(x) > j dp(y), 



o(x)=v 



where G(x) = p(x) 2 . (If it happens that J^ x - a(x)= y @ ( x ) = 1) the relation 
(1.38) says that p, is cr-invariant, and p is then what is called a G-measure in [56].) 
Applying (1.38) to g(x) = f (x, a [x]) we obtain 



(1 



.39) / f(x,a(x))dfj,(x) = y2 f (<n(y) ,y) p(<n(y)) 2 dp(y). 

Jn ■ Jn 



Defining Si by (1.19) and (1.21), we see immediately from the Xi ( x ) term that the 
ranges of Si are mutually orthogonal, and if £ £ H, then from (1.39): 

(1.40) \\S^\\l = / Xi(x)p(x) 2 U(a(x))fd^(x) 

Jn 

= I p(xfU(a(x))\\ 2 dp(x) 

JO; 

= / p(vi(y)) 2 M(y)fp(vi(y)r 2 dp(y) 

Jn 

= u\\ 2 

so each Si is an isometry, and hence 

(1.41) S*S j =6 ij l. 
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Furthermore 

(1.42) {SU\r ] ) = ^\S i r ] ) 



Jn 

= [ Xi (x) P (x) (U (x)* £(x)\ri {a (x))) dp (x) 
Jn 

= f p(x)(U(x)'£(x)\ri(<r{x))) dp(x) 

= f p(a t (y))(u(<7dy)Tt;^(y))\v(y))p(^(y)r 2 dp( y ) 

Jn 

p (a, (y)y 1 (U fa (y))* £ fa (y)) \ r, (y)> dp (y) , 



and the expression (1.22) for 5* follows. 

If a = {a\a.2 •••««) with au G Z^, define 

(1.43) S a $a± $a2 ' ' ' ^tx n 7 ^oc — Sai &ct2 ' ' ' ^ct n ■ 

One verifies from (1.21) and (1-22) that 

(1.44) S a £ (x) = Xai (x) Xa2 (<? (x)) ■ • • Xan i^ 1 fa)) 

xp(x)p(a(x))---p(a n - 1 (x)) 

xU(x)U {a fa) ■ • • U fa 1 " 1 (a:)) £ fa fa) 

and 

(1.45) S*£(x) =p(a an (x)y 1 p (a an _ 1 <T ari (x)) 1 ■ ■ ■ p (<r ai ■ ■ ■ <r ari (x)y 1 

x U fa n fa)* U (cra„_ 1 cr Q „ (a;))* ■■■U {a ai ■■■cr an (x))* £ (a ai ■ ■ ■ <r ai (x)) . 
Combining (1.44)-(1.45) with the relations 

a an a n fa = a"" 1 fa, 

(1.46) : 

o" Ql • •■o an <j n (x) = x, 
which are valid if x = fa, . . . ,a n , x n +i, • • • ), we obtain 
(1-47) S a S^(x)= Xa (x)£(x), 
where 

(1-48) Xa (xi 

This proves firstly that 

d 

(1.49) ]TSfa* = l; 

»=i 

and (1.41) and (1.49) show that Sj ^ Si is indeed a representation of the Cuntz 
relations. Secondly, (1.47) shows that T>d maps onto the algebra of operators on TL 
of the form 

(1.50) f \(x)t H(x) dp(x) 

Jn 
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where A ranges over all continuous functions on the Cantor set ft. Thus the restric- 
tion of the representation Sj Si to V d is indeed the spectral representation. 

To show the main part of Theorem 1.2, i.e., the existence of the objects Ti (x), 
dp (x) , U (x) , one does indeed start with a spectral measure p for the restriction of 
the representation to V d . The spectrum of V d is f2, so this gives the decomposition 
(1.17), and the action of V d on H is given by (1.47). If / £ C (Q) = V d , and M f is 
the representative of / in H: 

(1.51) M f = ^ f(x)l H{x) dn(x), 
then 

d 

(1.52) M foa = ^SiM f S* 

i=l 

and the quasi-invariance of p under a follows. Thus one may define p (x) by (1.23). 
Similarly, if / £ C (O) = T> d has support in <Ji (f2) = iCl = Oj, one verifies that 

(1.53) M /OCTi = S*M^S i . 

Thus the two representations of C (Qj) given by / M/ on M X .H and / 
Mf OIJi on W are unitarily equivalent. In particular, this means that dim (Ti (x)) = 
dim (H(<Ji (x))) for /x-almost all x, so the constancy of dim(W(x)) almost every- 
where over the orbits of <7i, . . . , a d follows. But (1.4) then implies that dim (Tt (x)) 
is constant on cr-orbits (actually the two forms of constancy are equivalent). Also 
it follows from the unitary equivalence (1.53) that \i is quasi-invariant under Ui and 

1 /2 

that p(a t (x)) -1 = exists. See [67] or [70, Section 2.5.3] for details 

on spectral multiplicity theory. Now, one may define a representation s, T, of 
O d on H by 

(1.54) (T 4 £)(x)= X4 (x)p(x)£(a(x)). 

One checks that this is indeed a representation of O d by the first part of the proof, 
and by the proof of (1-47) it follows that 

(i-55) r a r: = S a S* a 

for all multi-indices a. Define an operator U by 

d 

(1.56) U = Y^S l T*. 

»=i 

Using the Cuntz relations in a standard manner, one checks that U is a unitary 
operator, and 

(1.57) 5, = UT t 
for i = 1, . . . , d. Putting 

(1.58) ia := (i aiot2 ■ ■ ■ a n ) , 
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we have by (1.55) 
(1.59) T ia T ia — S ia S ia 



= UT- T* U* 

and hence U commutes with the representatives on Ti of the algebra T>d- Hence U 
has a decomposition 

(1.60) U = U(x)dp (x) 

Jn 

where ft 3 x i— » U (x) is a measurable field on unitaries. It now follows from (1.54) 
and (1.57) that Si has the form (1.21). This ends the proof of Theorem 1.2. □ 

Proof of Theorem 1.4. Adopt the assumptions in Theorem 1.4 and let T be an 
intertwiner between the two representations. In particular this means that T inter- 
twines the two spectral representations of T>d on H and H, respectively, i.e., 

(1.61) TS a S*=S a S*T 

for all multi-indices a. But this is equivalent to having the decomposition (1.30) 
and T having the measurable decomposition 

/•© 

(1.62) T= T(x) dfi{x) 

Jn 

where T (x) E B (H (x) , H (x)) . We now compute, using (1.21), 

(1.63) TS i Z{x)=T(x){S i Q{x) 

= Xi (x)p(x)T{x)U(x)£(a(x)) 

and 

(1.64) SiTti (x) = Xl (x) P (x) U (x) (TO (a (x)) 

= X > (x)p(x)U(x)T(a {x))S{o (x)) . 
Using the intertwining property (1.31) we thus deduce that 

(1.65) T(x)U(x) = U(x)T(a(x)). 

Conversely, if T satisfies (1.65), the intertwining follows from (1.63) and (1.64). 
This ends the proof of Theorem 1.4. □ 



CHAPTER 2 



The free group on d generators 

In this chapter we will construct certain representations of Od in the Hilbert 
spaces Ti where the decomposition in Theorem 1.2 takes the form 

/■e 

(2.1) / H(x) dp(x)=L 2 (Sl,dp)®H . 
Jn 

We will equip SI — with the product measure \i = p p defined from a choice of 

weights (p») i=1 , with pi > 0, and ^2%Pi = 1- Then the representation (1.21)— (1.22) 
takes the form 

(2.2) ($0 (a:) = <5, (a*) -Lu (x) £ (a (*)) , 

(2.3) (5*0 (*) = VPiU (en (x))* £ (a, (x)) . 

The simplest case of this is when dim Ho = 1 and U (x) = 1. Then the correspond- 
ing operators Si of (2.2) act on scalar functions in L 2 (Q, fi). The constant function 
1 in L 2 (Q,/Jb) satishes 5*1 = y/pll, and the state m = (1 1 • 1) on B (L 2 (SI, /j,)) 
satisfies 

(2.4) ui{p(A))=Ui(A), A g B (L 2 (SI, M )) 
where 

p(A) = J2SiAS*. 

This is the representation defined by the Cuntz states [16, Theorem 4.1]. 

It is well known, see, e.g., [16], that there is a correspondence between repre- 
sentations of Od (for some d including d = oo) and endomorphisms of B(H). An 
endomorphism p of B (H) has a finite Powers index d if the commutant of p (B (H)) 
is isomorphic to Md (C), and then the corresponding representation is of Od- Two 
representations ir, tt of Od define the same endomorphism if and only if there exists 
a g in the group U (d) of complex unitary dx d matrices such that tt — no a g where 
a g is the canonical U (d)-action on Od rotating the generators. 

There is precisely one conjugacy class of endomorphisms of B (H) with an 
invariant vector state lu, i.e., 

(2.5) LOO p = L0, 

see (2.4) and [76, 77] or [16, Theorem 4.2]. We showed in [10] and [9] that the 
theory of wavelets gives examples of endomorphisms in different conjugacy classes. 
In this memoir, we will also look at endomorphisms of von Neumann algebras not 
of type I. 



12 



2. THE FREE GROUP ON d GENERATORS 



13 



Scale-two wavelet representations are constructed from measurable functions 
on T subject to \m (z)\ 2 + \m (— z)\ 2 = 2. If 

{mi (z) — m (z) 
1712 (z) = zm (—z) 

then 

(2.6) (S j £)(z) = m j (z)t;(z 2 ), j = 1,2 

define a representation of Oi- Giving the wavelet representations (of O2) in the 
form of Theorem 1.2 amounts to representing the commuting operators (in fact 
projections) 

S h ' ' ' S 3h S *oh ■ ■ ■ S n = S * S * (" = (ii • • ■ 3k)) 
as multiplication operators on some L 2 (f2, rio). Such a representation will involve a 
2-adic completion, but will perhaps not be explicit enough for practical applications: 
In the representation, the operator 

(2.7) (S a S:t) (z) = i mjl (*)■■■ m jk (z 2 " 



E 



rrij 1 (wz) rrij 2 (w 2 z 2 ) ■ ■ ■ rrij k (w 2 z 2 ^ £ (wz) 



must be multiplication by a characteristic function of a set £? Q in the 2-adic com- 
pletion. 

We postpone the details to a later paper. 

Returning to the computation of the measurable field £1 3 x U (x) of unitary 
operators in Theorem 1.2, we do the calculation for the (pi, . . . , pd)-product measure 
on £1 = YiT ^d, and with the resulting representation s, 1— > Si of type III. (More 
details on /3-KMS states and the T d C {/ (cf) action on Od arc included in Chapter 
3 below.) We show there that if 

(2.8) Pj=e-f> L i, j = l,...,d, 

and L = (Li, . . . , L d ) e K d , Lj > 0, then the state u> on O d given by 

(2-9) w (s n • • • s ife s* • • • s*J = • • • 5 lklk pi 1 p l2 ■ ■ -p ik 

is a (unique) /3-KMS state for the one-parameter subgroup of T d defined by L, 
i.e., t i-» (e** Ll , e 4 * i2 , . . . , e rtiti ). (For w to be a state, (3 must be chosen such that 
Y^j Pj = 1 , an d then W/3 is the gauge-invariant extension to 0<j of the product state 
defined on UHF^ = <3>^° as (2)^° </?, where ip is the state on M4 defined by the 
density matrix diag {pi,.. . ,Pd)-) Let Sj 1— » 7$ be the representation of which is 
induced from to via the GNS construction. Let be the free group on d generators 
gi,...,gd, and let 3 j h A (g) be the trace representation of F<j. Recall the 
trace tr on C* (Wj) is given by 

tr(A (5)) ={; :;*= e - 

The Hilbert space £ 2 (F<z) has as orthonormal basis the functions 

1 if x = g, 



{is I 9 € F d } where £ g (x) = 



if a; 7^ ,g, 
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and 

(2.10) tr(A) = <&|A(AK e >, A e C* (¥ d ) . 
Let Ho — i 2 (Fd). For multi-indices a, set p a = p ai ■ ■ -p ak . 
Proposition 2.1. The state defined by (2.9), i.e., 

(2.11) w (s aS ;) = S aj p a 

is the vector state defined by 1(g) £ e in the representation on L 2 ^ (J\^° l*d,£ 2 (F<j)) = 
Ll(Il?Z d )®e 2 (V d ) by 

(2-12) (TjO (x) = e& L > Xi (x) A (a (x)) , 

(2-13) (T*Z)(x) = e-^\(g.i)Z(a i (x)), 

so, in particular, the operators U (x) from Theorem 1.2 are independent of the 
product measure p when the representation is realized in L 2 ^ (LJi ^d,( 2 (^d)), i-s., 
on vector-valued functions on the group rji° ^rf w ith values in i 2 (F<j) and with \x 
equal to the product measure on rji° ^d relative to pj = e~P Lj , j = 1, . . . ,d. 

Proof. Note that the representation Tj in (2.12)-(2.13) is of the form Tj = Sj ® 
X(gj) where Sj is the representation in Theorem 1.2 corresponding to the scalar- 
valued case with fi product measure and {7 = 1. We then use 

Lemma 2.2. Let (Sj) be a representation of Od in a Hilbert space C and let Ho be 
a second Hilbert space. If {Aj). =1 are operators in Ho, then Tj := Sj ® Aj define 
a representation of Od in C® Ho if and only if the Ai 's are unitary. 



Proof. We have 



Tj T k — Sj Sf. ® Aj Ay. 
= 5 jk t c ®A*A k . 



Hence T*T k = 8jk~$-c®H holds if and only if each Aj is isometric. 



3 

We have 

J2TjT; = J2SjS*®AjA*. 
j j 

But the projections SjS* are mutually orthogonal. So ^2jTjT* — ^c®H a if an d 
only if each Aj is coisometric. The result follows. □ 

Now we apply the lemma to Aj = A (gj), Ho = I 2 (F<j), and it remains to check 
that the vector state 

oo 

(2.14) n := 1 ® £ e e L 2 (J[z d , /i) ® i 2 (F d ) 

l 

yields the state uo in (2.11). Let g a = g ai g a2 ' ' 1 9a k for multi-indices a — (ct\ . . . ctk), 
on e Z<j, 1 < i < fe. Then T a = S a <g> A (g Q ), and 

(Oo | T Q T 7 *O ) = (& I A (g a g- x ) £ e ) (l | S a S;t) 

fiafPa 

where p a — p ai Pa 2 ' ' 'Pak, and where we used Theorem 1.2 for the scalar-valued 
representation Sj in L 2 (Y\^° TLd) and the observations from above on the trace of 
¥ d . The term 

(Ce | A (g a g~ x ) £ e ) = tr (.g^ 1 ) 
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is nonzero (and therefore = 1) if and only if g a — g~ n i.e., 

9ai9a 2 ' ' ' 9a k — 9~fl9~f 2 ' ' ' 9~fi • 

Since we are in the free group, this happens precisely when k = I and g ai = 
9n i ■ ■ ■ ! 9uk ~ 9jk ■ ' 

We now turn to the characterization of the cyclic subspace generated by the 
representation ir^ from Proposition 2.1 when the state w is given as in (2.9), (2.11). 
Let 

(2.15) Hn := [tto, (O d ) Q ] 

where fi = 1 ® £ e and 7r w (sj) = Si ® A (gj). 

Let <?i, . . . , gd be the generators of F<j, and let §<j C F^ be the corresponding free 
semigroup, i.e., §d consists of elements g a = g ai ga 2 ' ' ' 9a k (containing no inverses 
of any gt, i = 1, . . . , d) indexed by a — (ai . . . oik), a i € = {1, . . . , d}, 1 < i < k, 
with k depending on a. Let S- 1 = {s- 1 | s e and let W_ := [A (S^ 1 ) £ e ] C 
£ 2 (F d ) be the closed linear span in £ 2 (¥ d ) of the vectors {A (s _1 ) £ e I s € §d}. For 
a multi-index a, and w G W_, define £^ : Yl^ Z d — » £ 2 (F d ) by 

(2.16) ei a) (a;) = Xa(»)A(Sa)« 

OO 

( = Xa xeY[Z d , x = (x 1 ,x 2 , . . .) , 

1 

where 

Xa ( X ) = ^aix 1 Sa 2 x 2 ' ' ' ^a k x k 

and we use the convention 

(2.17) (*) - *>■ 

Lemma 2.3. The cyclic subspace Hn = [n^ (Od) fio] (111 ^d,^ 2 (F<j)) sen- 

erated by = 1 ® £ e fie representation defined by Ti — Si <g> X(gi), where 

(x) = e^x* (*) £ (o- (a:)), (ei 2 (flf Z ^ m), m «&e closure m L\ (nf Z d) £ 2 (I 
o/ i/ie linear span of the functions ^ v a ^ in (2.16). 

Proof. From (2.12)-(2.13), we have 

(2.18) T a r; (i ® &) (*) = e 03/2)(iW-^(7)) Xa (x) a (^g- 1 ) 

where a = (ai . . . ctk), 7 = (71 ■ ■ • 7;) are multi- indices, and 

(2.19) L{a) = Y J L ai =Y,*j{a)Lj, # i (a) = #{ Qi |a i =i}. 

* j 

Since v 7 := A (s^T 1 ) £ e € H_, the result follows. □ 
Remark 2.4. The cyclic subspace Hq is a proper subspace in L 2 (ni° (Fd)) • 



If i ^ j, define £ (x) = Si (xi) A (g^) £ e , x e Hi" ^d- Then £ is orthogonal to Hn . 
For this, we need only show that £ is orthogonal to the vectors in (2.16). 
have 

d „ 
= P ai S iai p a2 ■■■Pa k (£e \ A (gj 1 9 a ) v) . 
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Since v G Tl- , it is enough to show that 

<W (Ce|A(3~ 1 5 Q )^ s -i) 

vanishes for s G S^. The second factor is tr (gj g a s~ x ) , and this is nonvanishing 
only if gjS = g a . But the first factor is Si ai , so we must have a\ = i for the product 
to be ^ 0. Hence gjS = gig a2 ■ ■ ■ g ak must hold at a place where the product is ^ 0. 
But this is impossible in the free group F^. 

The vectors £^ in (2.16) are indexed by the multi-indices a = {a\ . . . a k ) and 
vectors v G H- . Using these we get the following explicit formula for the operators 

Ti = 7T W (si). 

Proposition 2.5. The generators Ti, 1 < i < d, for the cyclic O 'd -representation 
of the state defined by (2.11) act as follows on the vectors £^ (x) — x a {x) A (g a ) v 
defined by (2.16) and (2.17) (x G UT Z d, v G H-): 

(2.20) Ti =eW Li $ a \ 

(2.21) T* = e-W*> L '8 iai & a * a *- a *\ 

ifa^0, 

(2.22) T* = e~^ L ^y y 

(2.23) T 1 T;(i^)=x 1 {a)i^ 

if M < l«l (*- e v / < fc, 7 = (7i •• -70 , a=(a 1 ...a k ) ), 

and 

(2.24) (T 7 T 7 *)^ 0) = Y 7 ®« 

uwift 7 = (71 • • - 7i) ■ 

Hence, if I > k, 

(2 2^ T TV( a ) — pC/ 2 )(- l ( 7 ') _i '(t))^ ...A 

V y Ti J ik+i) 

Proof. We compute the action of and T* directly from the formulas given in 
Proposition 2.1. We have 

T4 Q) (*) = e^ Li Xi (*) X Q (a (*)) A (<?;) A ( fla ) « 

= e^ Li 5i (xi) 5 ai (x 2 ) ■■■5 ak (x k+1 ) X (g t g a ) v 



e 2 



'X(ia) WA(5(ia))^ 



= eW^jM (*) , 

proving (2.20), and 

77^ (*) = e- (/3/2)Ll X Q (*)) A far 1 ) A (g a ) v 

= e-VW Li 5 iaiX{a2a3 ... ak) (x) A (g^gj v 

= e- W2)Li S iaiX{ct2 ... ak) (x) A (g^g^ ■ ■ ■ g ak ) v 

= e- (l3/2)L 'S iai x (a2 ... ak) (x) A (g (a2 ... ak )) v 
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proving (2.21). The stated formulas for T*£^ ] and T^T*^, v e H-, result 
from the following covariancc principle: Xi® v ~ -i\ > axid, more generally, 

X a ® v — - i\ ■ The formula (2.24) is a special case of (1-47). □ 

Corollary 2.6. Let v be an arbitrary vector in H-. As 7 = (71 . . .7;) ranges over 
all "Ed -multi-indices, the closed linear span of | (T^T*} £^ | in L 2 (JXi ^d, £ 2 O^d)) 
is L 2 (rii° ^d) ® w where fi is still the (pi) -product measure on F|^° Z^. 
Proof. This is immediate from (2.24). □ 

Remark 2.7. Let TLn Q be the cyclic subspace of the representation of Od induced 
from the state W( p ) (s a s*) — p a S a7 . Then L 2 (Y\^° Z d ) ® W_ is a proper subspace 
in 7in . For example, the vector \ i ® £ gi is in Ttn Q [L 2 ® H-). 

Proof. We check that ( Xi ® £ Si | / ® u) = for all / e L 2 and v &H-. 

We may assume that t; = £ s -i for s € §d (= the free semigroup on the generators 
{<7j}j=i)- The inner product is 

Pi J f{i,x) dfi {p) (x) (€ gi \€s-i), 

and (£ Si |^ s -i) = tr (<7,~ s _1 ) = 0, since there is no solution s G §d to the equation 
sgi — e. □ 

Summarizing Remarks 2.4 and 2.7 we have 

Definition 2.8. Let W and W_ be Hilbcrt spaces, and let M be a set. We say 
that TL is fibered over .M with fibers isomorphic to 7i_ if there are isometries 
i a , indexed by a e .M, i a : W_ — > 7i, such that 7i is the closed linear span of 
{i a («_) aeM}. 

The Fibered Space. Let be the state from above, and let Ttn be the cyclic 
space of the O^-representation. Let M. (Z^) be the set of all multi-indices formed 
from Jjd- Then Hn is fibered (as a Hilbert space) over M. (Z^), the fiber over each 
a in M. (Z^) is a copy of W_. 

To prove this, let a e M. {%<d), and define H (a) = W_ by 

W (a) = {x a ® A ( fla ) w I w G W_} . 

The isomorphism 7i (a) = 7Y_ and the isometries i a are then made explicit by 
using the scale given by the following identity: 

llXa® X (9 a )vf nno =p a \\v\\ 2 n _ , 

where p a = p ai p a2 ■ ■ -p ak > 0. The convention for the empty index in M (Z<j) is 
that the fiber H (0) over is 

H(0) = I v e W_} 

where 1 = x denotes the constant function "one" in L 2 (ni°^rf)- The action of 
Tj, T* on the fibers is given by Proposition 2.5. In particular it follows from (1.47) 
that the action of L°° (Hi° %d) is given by 

^(f)& } =(fXa)®H9a)v, veH- 



CHAPTER 3 



/3-KMS states for one-parameter subgroups 
of the action of T d on Od 




In general, if 2t is a C*-algebra and t <— > a t is a one-parameter group of ^automor- 
phisms of 21, and (3 £ R, recall that a state u> over 21 is defined to be a cr-KMS state 
at value (3, or a (a, /?)-KMS state if 



for all x, y in a norm-dense cr-invariant *-algebra of cr-analytic elements of 21 (sec 
[19, Section 5.3.1] for several alternative formulations of this condition). It is well 
known that if L = (1, 1, . . . , 1), so that a is the so-called gauge group, the group 
a L has a KMS state at value (3 if and only if [3 — log d, and this state is unique and 
is given by 



see [19, Example 5.3.27], [8], or [69]. We first note that the latter result has an 
easy extension to more general one-parameter subgroups. 

Proposition 3.1. The one-parameter group o~ L admits a KMS state at some value 
(3 if and only if Li, L2, ■ ■ ■ , all are nonzero and have the same sign. This value 
(3 is then unique and is given as the real solution of 



(3.3) 



u> (xa l j i (yj) 



lu (yx) 



(3.4) 




d 



(3.5) 




The a L -KMS state u at value [3 is then also unique, and is given by 



(3.6) u(s a s;)=5 ai e-^l%L ak _ 



Proof. If oj is a KMS state at value (3, then 



(3-7) u, (s a s;) = u (s;a if3 (O) - e-"^ « Sq ) . 
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But 

(3-9) l = 5>( Sfe 4)=£e-^ 

fc=i fc=i 

and hence (3 is a solution of (3.5). But this equation has solutions (3 if and only if 
all Lk are nonzero, and all have the same sign; and, in that case, the solution (3 is 
unique. For definiteness, assume that all Lk are positive, and then the solution (3 
of (3.5) is also positive. Because of the Cuntz relations, the element s* s a is either 
1 (if 7 = a), 0, or of the form s s or for some 5. But from (3.7), we have 

(3.10) u(s s ) = e- f3 ^=^ Lk uj{s s ) 

and thus w (sg) — for all nonempty strings S. Hence it follows from (3.7) again 
that 

(3.11) u(s a s* 1 )=e-e^ L «*8 ai , 

which is (3.6). But this expression does indeed define a state by Proposition 2.1. 
The case that all Lk are negative is treated similarly, so this proves Proposition 
3.1. □ 



The KMS states and the one-parameter subgroups of automorphisms were also 
used in recent papers [39, 59, 60] where crossed products Od x CT R were studied. 
The states (3.6) seem to have first appeared in [27], [35] and [36]. 

The result in Proposition 3.1 is also related to results in [62], where KMS states 
for one-parameter subgroups of the dual actions of actions of lattice semigroups of 
endomorphisms scaling tracial states of a given C*-algebra are considered. It turns 
out that the KMS states have non-trivial symmetries apart from invariance under 
the one-parameter semigroup, and in particular an "explanation" is given of the 
fact that our states given by (3.6) have the 5 Q7 term which forces them to live on 
the maximal abelian subalgebra T>d which is the closure of the linear span of the 
monomials s a s* a , i.e., the fixed-point algebra of the canonical coaction of F<j. 

Let us comment a bit on the representations defined by the state to in (3.8). For 
definiteness, assume that L±,. . . ,Ld are all strictly positive. Let 21l be the fixed- 
point algebra of the modular automorphism group <j( L \ We prove in Proposition 
4.1 and Remark 14.1, below, that 21^ is an AF-algebra. We consider the following 
algebras: 

Od = closed linear span of all s Q s* , 

Oj = UHFd = closed linear span of all s Q s* with \a\ = \ j\ 

= fixed-point algebra of the gauge action of T, 
21l = closed linear span of all s Q s* with L (a) = L (7) 

= fixed-point algebra of the action <j( L \ where L (a) is defined by (4.2), 
Ol = GICAR d = closed linear span of all s Q s* where \a\ = \j\ and 7 is a 

permutation of a 

= fixed-point algebra of the gauge action of T d , 
T>d = closed linear span of all s Q s* (see (1.37)) 
= fixed-point algebra of the coaction of F<j. 
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We have the following inclusions: 

61 




V d c > til O d , 



where 21l = if and only if L\, L2, . ■ . , L d are rationally independent and 21l = 
if and only if Li = L2 = ■ ■ ■ = L d . In general 21l has a skew position relative 
to til = UHF d . 

We will here only analyze the representations given by the state (3.6) in the 
case that L = (Li, . . . ,L d ) is in a class extensively studied in the remainder of 
the memoir: Each pair Li,Lj is rationally dependent. We have to refer to results 
in Chapters 4 and 5. By a renormalization (see remarks after (4.1)) we may as- 
sume that the Li's are positive (nonzero) integers, and that gcd(Li, . . . ,L d ) = 1. 
Then the associated one-parameter group cr < > L ' is periodic with period 2n, so we 
may view as a representation of T in the automorphism group of O d . Since 
gcd (Li, . . . , L d ) = 1, it follows, from the Euclidean algorithm and (4.5), that the 
spectral subspaces 

(3.12) (n) = {xeO d \ a{ L) (x) = e int x} 

are nonzero for all n e T = Z [18]. But we argue in the beginning of Chapter 5 
that the fixed-point algebra 

(3.13) 2l L = Ol (0) 

is a simple unital AF-algebra with a unique trace state r = lo\^ l . Since all the 
spaces O a A (n) O a d (n)* are ideals in Ql L , it follows further that 

(3.14) 05(n)0J(n)*=a L 

for all neN. If (<r, oj) denotes the pair of extensions of (a, w) to the weak closure O d 
of O d in the representation defined by u, it follows from (3.14) that the T-spectrum 
of the extension is 

(3.15) r(a)=f = Z. 

Also, since u is a cr^^-KMS state at value 0, where (3 is defined by (3.5), it follows 
that 

(3.16) ii — >a{-t@) 

is the modular automorphism group of tli; see [19, Definition 5.3.1 and Theorem 
5.3.10]. 

Now, since t — u\% L is the unique trace state on 21l, it defines a type Hi factor 
representation of 21l- Using (3.14) in the form 

(3.17) O a d (n)W d {n)* = *l, 
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it follows that the representation of Od defined by to, restricted to 21l, is quasiequiv- 
alent to the trace representation, and in particular 21^, is isomorphic to the hyper- 
finite Hi factor, 

(3.18) QL'[ K. 
Using the definition (4.2), we see that 

(3.19) s Q s* £ (n) L (a) — L (7) = n for all multi-indices a, 7. 

Thus, using (3.6), we see that, if y S 21^ and x € O d (n) with x*xy = y = yx*x, 
then 

(3.20) oj{xyx*)=e-< 3n uj{y), 

as follows from (3.16), (3.18), and (3.20). To see this, consider for example x = s Q s* 
with L (a) — L (7) = n. Let y be the initial projection of the partial isometry x, 
i.e., 

Then 

w (y) = e -WT) 

from (3.6). But 

xyx — s a s^s^s^s^s a 

* 

— S o S ai 

and so 

^(xya;*) = e -' 3L{ ^ 

= e -/3(i(a)-L( 7 )) e -/9L( 7 ) 

= e-^w (y) . 

An elaboration of this computation proves (3.20). 

It now follows from (3.16), (3.18), (3.20), and [24] or [86, Proposition 29.1] that 
0" d is the hyperfinite III e -,3 -factor. The factor 0" d can be written as the crossed 
product of 2ljf (g> 23 (H) (= the hyperfinite Iloo-factor) by an automorphism scaling 
the trace by e - ^, something which is reflected in (3.20). This automorphism is 
described in the end of Chapter 5, and should not be confused with a stabilized 
version of the endomorphism A = s i ■ s*, except when L\ = Li = ■ ■ ■ = L4 = 1. 

We defer a detailed analysis of the case when the L^s are not pairwise rationally 
dependent to a later paper. Although 21l is still an AF-algebra, it is no longer 
simple, and it does not have a unique trace state. For example if d = 2 and L\, L2 
are rationally independent, then 21l is the GICAR algebra which is a primitive, non- 
simple C* -algebra, and the extremal boundary of the compact convex set of trace 
states is homeomorphic to the unit interval [0,1]; see [6], [78], or [29, Examples 
III. 5. 5 and IV. 3. 7]. Hence the analysis of the algebras 21l will be radically different 
for general L than in the remaining chapters of the present memoir. 



CHAPTER 4 



Subalgebras of Od 

In this chapter we will study the fixed-point subalgebras of Od under the one- 
parameter groups a — a( L ) of automorphisms defined by 

(4.1) a { t L) ( Sj ) = e aL > Sj , j = l,...,d, 

where we will assume that all the Lj have the same sign and any pair (Lj,Lk) 
is rationally dependent. By a renormalization of the variable t we may, and will, 
assume that all the are positive integers and that the greatest common divisor of 
L\, . . . , is 1. The group <r t is then periodic with period 27r. If a = (a\ . . . cik) 
is a multi- index with a m e Z d , wc define the weight function 

d k 

(4.2) L(a) = J2#j(*) L i = T, L <*™ 

j—l m— 1 

where 

(4.3) # j ( a ) = #{a i \a i =j} 
and using the standard multi-index notation 

(4.4) s a s ai s Q2 • • • s ak 
we have 

(4.5) <j t (s aS ;) =e u ^- L ^s aS ;. 

Since these elements span Od, it follows that the eigenspace (n) in Od is the 
closed linear span of the s Q s* with L (a) — L (7) = n. In particular, the fixed- 
point algebra 21l = O a d = O a d (0) is the closure of the linear span of s Q s* with 
L(p) = L{i). 

The first result on 21l is that it is an AF-algebra, i.e., it is the closure of the 
union of an increasing sequence of finite-dimensional subalgebras: 

Proposition 4.1. Let L\, . . . , L d be integers and consider the periodic one-param- 
eter group a of *- automorphisms of Od defined by 

(4.6) a t (S j )=e itL *S j . 
Then the following conditions are equivalent. 

(i) The fixed-point algebra 2lz, is an AF-algebra. 

(ii) All the Li have the same sign {in particular none are zero). 

(iii) There is a (3 E M such that Od admits a (cr, f3)-KMS state. 

Furthermore, if these conditions are not fulfilled, 21^ contains an isometry which is 
not unitary. 
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Proof. (ii)<*=>(iii) was established in Proposition 3.1. 

(i) =^> (ii): Assume that (ii) does not hold. Then there exist i,j £ {1, . . . ,d} 
with Li > 0, Lj < 0. Put 

(4.7) 8 = Si Li sf*. 

Then s is an isometry in 21 ^ which is not unitary. Hence 21l cannot be an AF- 
algebra. This also establishes the final remark in Proposition 4.1. 

(ii) =^> (i): We may assume that all Li are positive. We have noted that 
O d = O d (0) is the closure of the linear span of s Q s* with L (a) = L(-f). If 
L (a) = L(-y), we define 

(4.8) grade (s a s*) = L(a) , 

and we set grade (1) = grade (0) = 0. Now, if s Q s*, s 5 s* are in O d then either 
the product s a st f s s sl is zero, or we have 7 = Sj' and the product is s a s* ,, or wc 
have 5 = jS' and the product is s aS ,s'*. In the latter two cases grade (s a s*s s s*) = 
max (grade (s Q s*) , grade (s 7 sj)) , and, in the former case, grade (s a s*s 5 s*) = 0. 
Thus in general, 

(4.9) grade (s a s^s e s}) < max (grade (s Q s*) , grade (s e sj)) . 
Thus if wc define 

(4.10) 2l„ = linspan {s a s; | L (a) = L (7) < n} , 

then 2l„ is a *-algebra, and 2l„ is finite-dimensional since Li > for i = 1 , . . . , d. 
Since any s a s* <E O a d has a grade, it follows that \J n 2l„ is dense in O d = Thus 
21l is an AF-algebra, and Proposition 4.1 is proved. □ 

We refer to [6] and Remark 5.6 for AF-algebras and Bratteli diagrams, to [3] 
for if -theory, and to [80], [29] and [48] for good recent treatments of both. In 
order to analyze the AF-algebra 21l further, it turns out to be convenient to define 
subalgebras 2l„ in a more sophisticated way than above, and this is the object of 
the following. Note that, except for simple cases (like d — 2), the finite-dimensional 
subalgebras introduced below are larger than 2l„. The main structure theorem on 
21l is the following. 

Theorem 4.2. Let L\ < L 2 < ■ ■ ■ < Ld be positive integers such that the greatest 
common divisor of L\, . . . ,L& is 1. It follows that 21l is a simple AF-algebra with 
a unique trace state defined as follows: Let [3 be the positive real number such that 

(4.11) £e-^ = l, 
and put 

(4.12) Pi = e-? L *. 

Then the unique trace state is the restriction to 21l of the state uj defined on Od by 

(4.13) uj (s a 8*) = 5 aj p a 
where 

(4-14) p a = p ai Pa 2 ■ ■ ■ Pa k 
for a = (a 1 ...a k ). 
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16 



Figure 1. d = 2; Li = 1, L 2 = 1; /? = In 2. 



Remark 4.3. During the proof of Theorem 4.2, we will show that the AF-algebra 
21l has a Bratteli diagram which stabilizes after a finite number of steps to having 
constant incidence matrices. This diagram may be described explicitly as follows: 
The nodes are indexed by (n, to), where n indexes the rows, n = 0, 1, 2, . . . , and to 
indexes the nodes in the row, m = 0,1, Ld — 1. Some of the nodes in the first 
rows may correspond to the algebra 0: for example, (0, to), to = 0, 1, . . . , Ld — 1, 
correspond to the algebras Mi — C, 0, 0, 0, . . . , 0. The embedding from one row to 
the next is given as follows: There are lines from [n — 1,0) to (n, to) if and only 
if m = Lfe — 1 for some k, and the number of lines between these nodes is equal 
to the number of such fc's. There is a single line from (n — 1, to) to (n, to — 1) for 
to = 1, . . . , Ld — 1. Finally, to obtain the actual Bratteli diagram, one should throw 
away all nodes corresponding to the algebra as well as the edges emanating from 
such nodes. The assumption that the greatest common divisor of L\, . . . , Ld is 1 
will imply that there are just finitely many such nodes, ft will be clear from the 
proof how this pattern appears. We give some examples in the figures below. 

We will show that the unique positive eigenvalue of the constant incidence 
matrix (the Frobenius eigenvalue) is e 13 . 

Before proving Theorem 4.2 and Remark 4.3, we look at some examples. 

Figure 1 is the CAR-algebra of type 2°°; see [47], [6], [32], [19] and [78]. 

Figure 2 is the AF-algebra with same dimension group as the rotation algebra 
2le for 9 = ^ = the golden ratio. Pimsner and Voiculescu [75] embedded 2lg 
into this AF-algebra. 

Figure 3 illustrates that the Bratteli diagram is more "slow" in stabilizing when 
the L^numbers are dispersed. Figures 4 and 5 illustrate how the multi-indices build 
up as the sizes of the matrix algebras increase going down the Bratteli diagram. 
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m = m = 1 



to = 



TO = 1 



n = 



n = 1 



n = 2 







13 




21 



13 



34 



21 




55 



34 



y 



89 



55 




(22) 
(112) 
(121) 
(211) 
(1111) 



n = 



n = 1 



n = 2 



(122) 
(212) 
(1112) 



Figure 2. d = 2; Li = 1, L 2 = 2; /3 = -ln((\/5- l) /2). Then 
the Bratteli diagram is given by the Fibonacci sequence. Detail on 
the right shows the multi-indices for each node in the top five rows. 
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to = to = 3 to = 4 m = 7 




Figure 3. d = 4; L = {4,4,5,8}; first matrix column = 
(0 2 1 I f; = -Inx where x = (-2 + V / ToO + 12^69 + 
\/l00- 12V69)/6 w 0.7549 solves 2a; 4 + x 5 + x s = 1. (Actually x 
solves x 2 + x 3 = 1.) See the n = 5 case in Example 5.3. 
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m=0m=lm=2 m = m = 1 to = 2 




Figure 4. d = 2; L = {2,3}; first matrix column =(0 1 1)'; 
/3 = — In a; where x > solves x 2 + x 3 = 1. Detail on the right 
shows the multi-indices for each node in the top five rows. See the 
proof of Lemma 4.6. 
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m = 0m=lm = 2 to = 4 




Figure 5. d = 3; L = {2, 3, 5}; first matrix column =(0110 1)'; 
/3 = — In x where x > solves x 2 + x 3 + x 5 = 1 . 



4. SUBALGEBRAS OF O d 



29 



The significance of the choices of LVnumbers will become more clear in Chapter 5 
below where we study isomorphism invariants for the AF-algebras 21l in general. 

Figure 4 represents (oil), the first of two AF-algebras which share Perron- 
Frobenius eigenvalue A = e' 3 where a = e~P w 0.7549 is the real root of x 2 + x 3 = 1. 
The other one, ( l o o o l ) , is obtained from x + x 5 = 1, which has the same positive 
root a. (See Remark 4.10 and Chapter 5 for more details on the Perron-Frobenius 
eigenvalue.) Yet these two AF-algebras are non-isomorphic, since their dimension 
groups have rank 3 and 5, respectively. (See Theorem 7.8.) They correspond to the 
pair of lattice points (2, 3), (1, 5) that is illustrated in Figure 18. 

Figure 6 illustrates the procedure in the proof of Lemma 4.6, below. 

Let r be the additive real character defined on the dimension group Kq (21l) 
by the trace state, [32]. Figure 12 represents two examples with the same ker (r) 
(= Z 3 ), the same t(K ) (= Z [|]) but still non-isomorphic AF-algebras, as they 
represent different elements of Ext (Z [5] , Z 3 ). (Details in Chapter 10.) 

We will prove Theorem 4.2 and Remark 4.3 via a series of lemmas. First a 
definition: 

Definition 4.4. A set {e ai } a 7gJ of elements of a C*-algebra 21, doubly indexed 
by a finite set I, is said to be a system of matrix units if 

(i) e a7 e £?7 — ^^ctT}i 
(ii) 6-y a e a7' 

In that case, matrices {A ai ) a j over C may be represented in 21 as follows: 
(A a7 ) 1 ► J2 a A ai e ai . Note that we do not assume that the projection ^2 a e aa 
is the identity of 21. 

Lemma 4.5. Let L\, L2, ■ ■ ■ , L d be positive integers and let a = <j l be the associated 
automorphism group (4.5). Let Bi = { s a s j} a 7£ j be a finite set of elements of 
21l = O a d . The doubly indexed set Bi is then a set of matrix units if and only if 
there is an n € N such that L (a) = n for all a £ I. 

Proof. Consider arbitrary multi-indices a, 7, £, and 77 built from Z^. The product 

(4.15) (s a s*) (s ?S ;) 

is nonzero only if either 7 is of the form 7 = (£7'), or £ is of the form £ = (7^'). If 
each of the factors in (4.15) is in O a d , then L(a) = L (7) and L (£) = L (n). Recall 
that the grade of the first factor is L (a) , and that of the second is L (£) . If the two 
factors have different grades, and if the product is nonzero, then 7' 7^ or £' 7^ 0. 
In the first case, the product is s a s*^ n yy and in the second it is S ( Q ^/) S ^- In either 
case, if 7' 7^ or £' 7^ 0, the product of the two elements from Bi will be nonzero 
with 7 7^ £, see (4.15), so B will not then be a set of matrix units, i.e., condition (i) 
of Definition 4.4 will not hold. This proves the "only if" part of Lemma 4.5. 

Conversely, if there exists an n such that L (a) = n for all a € I, then the 
case 7 = (£7') with 7' 7^ is excluded since L (£7') = L(£) + L(Y). For if 
L (7) = L (£) = n, then L (7') = 0, and 7' = 0. The same argument also excludes 
£ = (7^') with £' 7^ 0. It follows that condition (i) of Definition 4.4 will be satisfied 
for e Q7 = s a s* with / as an index set. □ 

Lemma 4.6. Let d e N and /ei Li, . . . ,L d be positive integers. Define L (a) = 
J2j #j ( a ) Lj on all finite multi-indices a from Z d as in (4.2). Define 

(4.16) L- 1 (n) = {a \ L (a) = n} 
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and put 

(4.17) E n — {7 I 7 = (ai) where L(a) < n and L (a) + L - L > n} . 
Then 

(4.18) ]T s a s* a + J2 s 7< - 1. 

i.e., the projections in the family {s a s* a \ a G L^ 1 (n)} U {s 7 s* | 7 G _E„} are mu- 
tually orthogonal with sum 1. 

Proof. Let us use the shorthand notation 

(") = e «o (= • 

It follows from the computations in the proof of Lemma 4.5 that, given two projec- 
tions (a), (7), then (a), (7) are either mutually orthogonal, or one is contained in 
the other; and the latter case occurs in, and only in, the following two cases: 

Case 1. a = ja' . Then (a) < (7). Or, 

Case 2. 7 = 07'. Then (7) < (a) (with strict inequalities if and only if a' ^ 0, 
7' 7^ 0, respectively). 

Using this, it follows easily from case-by-case considerations that the projections 
in the family 

A n :={(<*) \ a e L- 1 (n) U E n } 

are mutually orthogonal. For example, the projections (a), a G L~ x (n) are mutu- 
ally orthogonal by Lemma 4.5, and if a G L _1 (n) and 7 = (Si) G £"„ with L (<5) < n, 
L (S) + i > n, then both Case 1 and 2 are excluded, so (a) (7) = 0; and similarly, if 
a = ( £ j) an d 7 = (Si) arc in then (a) (7) 7^ implies a = 7. It remains to show 
that the projections in these two families add up to 1. If not, there would exist a 
multi-index (6) such that (5) is orthogonal to all projections in the two families. If 
then L (6) < n, we could find a 5' such that 65' £ L^ 1 (n) or 55' G E n , but since 
(5) (S5 1 ) — (55') 7^ 0, this is impossible. If L (5) = n, then 5 G Lr 1 (n), which is 
impossible. If L (5) > n, write 5 — (6162 ■ ■ ■ 5k). If there exists an m < k such that 
Y^iLi — n, then (6) < ((5\ . . . 5 m )), which is impossible; and, if not, there is 
an m with ^St < n and L$ i > n. But then (5± . . . 5 m+ \) G E n , and 

(5) < ((5i ■ ■ ■ 5 m+ i)), so this is equally impossible. Thus the projections in the two 
families add up to 1, and Lemma 4.6 is proved. □ 

Example 4.7. The procedure in the proof of Lemma 4.6 may be illustrated graph- 
ically as follows: Let a — (a\ . . . a p ) G L^ 1 (n), and set 

E n (ct) — {7 I 3g < p such that 7 = (ai . . . a q -f q+ i) and L (7) > n} . 

For the example d = 3, L\ = 1, L2 = 2, L 3 = 4, we have 

E 4 ((1111)) = {(1112) , (1113) , (113) , (13)} ; 

E 4 ((121)) \E 4 ((1111)) = {(122) , (123)} ; 

E4 ((22)) contains a new element (23) ; 

£4 ((211)) contains the rest, i.e., (212) , (213) . 

This is illustrated in Figure 6. Elements from L~ x (4) have arrows coming from 
the left ending at dark bars, while elements from E 4 have arrows coming from the 




Figure 6. Illustration of procedure in proof of Lemma 4.6, with 
d = 3, L = {1, 2, 4}. Compare with Figure 7 and Example 4.7. 
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(12) 



(3) 



(13) 



(3) 

(22) 

(112) 



(3) 

(22) 

(112) 

(121) 

(211) 

(1111) 



(13) 
(122) 
(212) 
(1112) 



(13) 

(122) 

(212) 

(1112) 

(31) 

(221) 

(1121) 

(1211) 

(2111) 

(11111) 



(23) 

(113) 

(32) 

(222) 

(1122) 

(1212) 

(2112) 

(11112) 



X 




Figure 7. d = 3; L = {1,2,4}; first matrix column = (110 1)'. 
Compare with Figure 6 and Example 4.7. 
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Level 1: 



Level 3: 



(ii) 



(i) 



(12) 



(13) 



(21) 



(2) 




(3) 



(22) 



(23) 



Level 2: 



(i) 



(2) 



Level 4: 



(3) 



(12) 



(13) 



(22) 



(23) 



(31) 



(32) 



(33) 



Figure 8. L = {2,2,3}; levels 1-4. Compare Figures 8, 9, and 10 
with Figure 11. 
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Level 5: 



Level 6: 




Figure 9. L = {2,2,3}; levels 5-6. 
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Level 7: 



(mi) 

(1112) 
(1113) 
(1121) 
(1122) 
(1123) 



(1211) 
(1212) 
(1213) 
(1221) 
(1222) 
(1223) 




Figure 10. L = {2,2,3}; level 7. 
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in 

(2) 



(1) 
(2) 



(11) 
(21) 
(12) 
(22) 



(13) 
(23) 



(11) 
(21) 
(12) 
(22) 



(13) 
(23) 
(31) 
(32) 



(13) 
(23) 
(31) 
(32) 




(33) 
(111) 
(211) 
(121) 
(221) 
(112) 
(212) 
(122) 
(222) 



(113) 
(213) 
(123) 
(223) 



(33) 

(111) 

(211) 

(121) 

(221) 

(112) 

(212) 

(122) 

(222) 



(213) 
(123) 
(223) 
(131) 
(231) 
(311) 
(321) 
(132) 
(232) 
(312) 
(322) 



(133) 
(233) 
(313) 
(323) 



(113) 
(213) 
(123) 
(223) 
(131) 
(231) 
(311) 
(321) 
(132) 
(232) 
(312) 
(322) 



(333) 

(1113) 

(2113) 

(1213) 

(2213) 

(1123) 

(2123) 

(1223) 

(2223) 



Figure 11. d = 3; L = {2,2,3}; first matrix column = (0 2 
Compare with Figures 8, 9, and 10. 
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right ending at light bars. The points in L _1 (4) U E 4 together represent Cuntz 
algebra generators. The ordinary diagram for this 2lj, is illustrated in Figure 7. 
Corresponding diagrams for L\ = L 2 = 2, L3 = 3 are shown in Figures 8, 9, 10, 
and 11. 

Proof of Theorem 4.2 and Remark 4.3. Referring to Lemma 4.6, define 

(4.19) E n (0) = L- 1 (n) 
and 

(4.20) E n (to) = {7 e E n \ L (7) = n + to} 

for to = 1, 2, . . . , Ld — 1; for greater to's, i?„ (m) becomes the empty set. E n (to) 
may also be the empty set for some to G {0, . . . , Ld — 1}, but we will prove in a 
moment that if the greatest common divisor of L\, . . . , Ld is 1, this only happens 
for finitely many pairs (n, to). Now, define 2l("' m ) as the linear span of elements 
e Q7 = s Q s* with a, 7 G E n (to), to = 0, . . . , Ld — 1, with the convention that 2l( n > m ) 
is empty if E n (to) = and 2l (0 ' 0) = CI, 2t (0 < m) = for to = 1, . . . , L d - 1. It 
follows from Lemma 4.5 that each ^ n ^ m ) is a full # (_E„ (to)) x # (£"„ (to)) matrix 
algebra, and that the units of 2l(™> TO ) are orthogonal and add up to 1 as to runs 
over 0, 1, . . . , Ld — 1 for fixed n. Put 

(4.21) 2l„ = 2l (n ' fc) . 
If £ (7) = n, then 

(4.22) (7) = £(7*) 
and 

(4.23) 7» e £7„+i (Li - 1) , i = l,...,d; 

and hence 2l(™'°) is partially embedded in g(( n + 1 . m ) with multiplicity equal to the 
number of k's such that L& — 1 = to. We also have 

(4.24) £ n+1 (to) C £„ (to + 1) 

for to = 0, 1, . . . , L k - 2, and thus <&( n - m + l ) is embedded into <^( n + 1 - m ) with mul- 
tiplicity 1 for to = 0, 1, . . . , Lfe — 2. It follows that 2l„ is indeed an increasing 
sequence of finite-dimensional subalgebras, and in particular 2l„ contains all mono- 
mials s a s* e 21l of grade < n. Thus \J n 2l„ is dense in 21^, reestablishing that 21^ is 
an AF-algebra, and the description of the embedding 2l„ 2l n+ i proves Remark 
4.3. The remaining statements in Theorem 4.2 will be proved after Lemma 4.8, 
below. 

By Proposition 3.1, the state defined on O d by (4.13) is a (a, /3)-KMS state. 
Thus the restriction to 21l = O a d is a trace state. Now the embeddings 2l„ c -> 2l n+ i 
are given by a constant embedding matrix J : if, for example, d = 4, L\ = 1, 
L2 = L3 = 3, L4 = 4, then 

/l 1 0\ 

10 

2 1 
\l 0/ 
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In general J has the property that J n has strictly positive matrix elements for some 
positive n. This is in fact equivalent to the property that the numbers L\,...,Ld 
have greatest common divisor 1, which may be seen as follows: 



Lemma 4.8. Let V be the semigroup generated by L\, . 
(4.25) V = \j2 n kL k 



,fc=i 



n k £ NU{0} 



Then N\V is finite. 

Proof. Since Li, . . . ,L d have greatest common divisor 1, there are n k £ Z such that 

d 

^n k L k = 1, 
k=i 

and hence there are x\, xi £ V such that 

X\ = X2 + 1. 

Now, if ad absurdum N\"P is infinite we may find arbitrarily large y £ N\V, 
but then y — x\, y — x-i are not contained in V; thus y — x\ — Xi, y — x\ — X2, 
y — X2~ X2 are not in V, etc., and thus we can find arbitrarily long sequences of the 
form (z, z + 1, z + 2, . . . , z + k) not in V . But as V contains NLi, this is impossible. 
Thus N\"P is finite. □ 

End of proof of Theorem A.2. Since any node in the Bratteli diagram is connected 
to a node of the form (n, 0) further down, and (n, 0) is connected to all nodes 
(n + m, 0) where m £ V, it follows that all nodes in a row will be connected to all 
nodes in some row further down, which means that J™ has strictly positive matrix 
elements for some n £ N. Therefore 21l is simple [6], and 21 has a unique trace 
state [32, Theorem 6.1], [87]. This ends the proof of Theorem 4.2. □ 



Remark 4.9. The semigroup V defined by (4.25) can be read off the diagram of 
21l as follows: n £ V if and only if the node (n,0) actually occurs in the diagram, 
i.e.,, if and only if L^ 1 (n) ^ 0. To decide which (n, m) actually occurs, start with 
the vector (0, 0) = 1, (0, m) = 0, m = 1, . . . , Ld — 1, and apply the incidence matrix 
J. For example, in the example illustrated in Figure 3, with L — {4,4,5,8}, we 
have V = {4, 5, 8, 9, 10, 12, 13, 14, . . . }, while in the right-hand example in Figure 
14, we have V = {3, 6, 7, 9, 10, 12, 13, 14, . . .} (both Vs continuing with no further 
gaps in the sequence). 



Remark 4.10. The result on the unique trace state cited at the end of the proof 
above is actually related to the classical Perron-Frobenius theorem [46, 74, 44]. 
If u( n ) is the value of the trace state on the minimal projections in = 2l("' m ), 
and »W = (v ( ™\ i4"_i) . then 

(4.26) _ v (n)j f 

provided n is so large that the Bratteli diagram has stabilized, i.e., ^ {0} for 
m = 0, 1, ... , Ld — 1. Since the components of have to be nonnegative, the 




Figure 12. d = 6; L = {1, 3, 3, 3, 4, 4} (left), L = {2, 2, 2, 3, 4, 4} 
(right). These define non-isomorphic algebras (see Chapter 16). 
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Figure 13. Incidence matrix. 



only solutions of (4.26) are such that each (for large n) is a multiple of the 
Perron-Frobenius eigenvector v of J, i.e., 

(4.27) vJ = \ v. 

Recall that the irreducibility of J (some power of J has only positive matrix units) 
implies that J has a simple positive eigenvalue Ao such that Ao > for all other 
eigenvalues fi, and the corresponding one-dimensional eigenspace is spanned by a 
vector v with positive components. All i/")'s for large n are multiples of v. (This 
is because of the uniqueness of the normalized positive solution of (4.27), together 
with the fact that — const. •e _/3n w is indeed a solution. Note that the Perron- 
Frobenius eigenvalue of J is e' 3 .) Thus v may be computed explicitly in the examples 
by choosing n so large that the diagram has stabilized, and using (4.13) and (4.20) 

(n) 

to evaluate the trace on the minimal projections in 2l m . The result is surprisingly 
simple; see (5.17) in the next chapter. 

Let us give the details of the graphic description of the embedding of 2l„ into 
2l n+ i. Suppose that the integral weights of Theorem 4.2 are 1 < L\ < L 2 < ■ ■ ■ < 
Ld with possible multiple occupancy. Let 

Mi forl<i<ii, 
M 2 for ii < i < i 2 , 

L l = M fe for i fe _i <i <i k = d. 

Let rrij — ij — ij-i be the multiplicities. Then, after stabilization, the partial 
embedding of 2lg™ ^ into the factors Sim' 1 , m — 0, . . . , Ld — 1, are given by the 



u 
u 



(4.28) 



4. SUBALGEBRAS OF O d 

diagram in (4.29) below (illustrated in the case L\ = 1): 
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(4.29) 




Mi 
mi lines 



M 2 
mi lines 



M 3 
m-z lines 



mk lines. 



Then J 1 is given by the matrix 



(4.30) 



J- 1 = 





1 
10 
10 
1 















m k 
_ m l 




_ ni2 
m k 




\0 



1 
1 





o J 



*— place Mj+1, 

j=l,...,fe-l 



The characteristic polynomial for the corresponding inverse J 1 is proportional to 
(4.31) p m (x) = m k x Mk + m h - X x Mk -^ +■■■ + m lX Ml - 1 



Since J2i=i m « e l3Mi = 1j we see tnat x = e 13 is the unique positive root for this 
polynomial. Thus is the Perron-Frobenius eigenvalue for J. 

Remark 4.11. Note that the implications (i) <= (ii) 4=> (iii) in Proposition 4.1 
remain true even if L\, . . . , are not integers, by essentially the same proof. This 
is because the action defined by (4.1) is almost periodic in all cases, and hence 
21l is the closure of the linear span of s Q s* with L (a) = L (7) even in the general 
case, using (4.5) and the definition 



L(a)= Y^Lc 
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It is no longer true that (i) => (ii). Take for example d = 2 and L\, L2 rationally 
independent irrational numbers of opposite sign. Then 21l is the GICAR algebra 
[29]. 



Part B 

Numerical AF-Invariants 



CHAPTER 5 



The dimension group of 21l 



In this chapter and the following ones we will construct isomorphism invariants 
for 21l and try to classify the 21l- It is known that there exists a complete isomor- 
phism invariant for AF-algebras 21, namely the dimension group. In the case that 
21 has a unit this is the triple (Kq (21) , Ko (2l) + , [1]) where Ko (21) is an abelian 
group, K (2l) + are the positive elements of K (21) relative to an order making 
Ko (21) into a Riesz ordered group without perforation, and [1] is the class of the 
identity in Kq (21) (if 21 is nonunital, replace [1] by the hereditary subset {[p] | p 
projection in 21} of K (2l) + ). See [32] for details on this and the following state- 
ments. (Connections to ergodic theory are also described in [90], [89].) Let us 
now specialize to the case that 21 is given by a constant N x N incidence matrix 
J (with nonnegative integer entries) which is primitive, i.e., J™ has only positive 
entries for some n e N. Then 21 is simple with a unique trace state r. In the 
case that Ko (21) = Z N , this class of AF-algebras (or rather dimension groups) has 
been characterized intrinsically in [50, Theorems 3.3 and 4.1]. In general when J 
is an n x n = Ld x Ld matrix with nonnegative entries, the dimension group is the 
inductive limit 

(5.1) Z N -^Z w Mz N M ••• 
with order generated by the order defined by 

(5.2) (rai,...,rajv)>O^m t >0 on Z N . 

This group can be computed explicitly as a subgroup of R N as follows when 
dct (J) 7^ (as it is in our case): Put 



, _L , . . . , 



(5.3) G m = J- m (Z N ) , m = 0, 1 
and equip G m with the order 

(5.4) G+ =J—((Z W ) + ). 
Then 

(5.5) G C Gi C G 2 C ... , 
and 

(5.6) Ko(% L ) = {jG m , 

m 

a subgroup of (containing Z N ), with order defined by 

(5.7) g > if g > in some G m . 
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The action of the trace state r on K may be computed as follows: If A is the 
Frobenius eigenvalue of J, and a — (a\, . . . , a^v) is a corresponding eigenvector in 
the sense 

(5.8) aJ = \a 

(i.e., J* a* = Aa*, see [32, pp. 33-37]), then if a is suitably normalized (by mul- 
tiplying with a positive factor), the trace applied to something at the m'th stage 
of ' 

9 

m 

(5.9) 7L N —y Z N — ► Z N — ► . . . — ► Z N — » • • • 

12 3 m 



(5.10) r( 5 ) = A- ro+1 (a|5), 

where ( • | • ) here denotes the usual inner product in R N , i.e., (a \ g) — a i9i- 
Taking a as the Frobenius eigenvector in (5.10) makes the ansatz well defined: if 
g e G m C G m+ i, then 

(5.11) A~ m+1 (a | g) = \-( m+1 ) +1 (a \ Jg) . 

Thus r is an additive character on Kq (21l), and up to normalization the unique 
positive such. If we identify [1] with (1, 0, 0, . . . ) in the first 7, N , the normalization 
of a is a\ = 1. 

Elements of the kernel of the additive real-valued character r on if (21) & re 
called infinitesimal elements. Thus K$ (21) is an extension of r (_Ko (21)) by the 
kernel of r. But in general it is not the trivial extension, i.e., 

K (2l L ) J* r (Jf (fci)) 8 (kernel of r) , 

which complicates classification; see Chapter 10. 

Suppose we calculate the groups t(K (^Il)) and ker (tx) for a specific pair, 
given by L and L' , say. Then if one of the two groups r (Kq (21l)) or kcr(r^) is 
different for L and for L', the AF-algebras 21l and 2li/ are non-isomorphic. We 
show, however, in Chapter 10 that the AF-algebras can be non-isomorphic even if 
the two groups agree for L and L'. 

It can then be shown that the range of the trace on projections is 
r(X (2l L ))n[0,l]. 

When K (21l) is given concretely in 1^ as above, the trace can be computed 

as 

(5.12) T (g) = (a\g), 

where g £ m'th term Z N is identified with its image J~ m+1 g in M. N ; and the 
positive cone in Kq (21l) C R n identifies with those g such that t (g) > 0, or g = 0. 

Let us now specialize to the case that J = Jl has the special form we are 
interested in . So assume that 1 < L\ < L 2 < ■ ■ ■ < Ld, that the greatest common 
divisor of L\, . . . , L4 is 1, and put 

(5.13) {L lt ...,L d } = {M u ...,M k \, 
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where rrii is the multiplicity of Mj. Put 

(5.14) N = M k = L d . 



Then the incidence matrix J is 
(5.15) 

i/O 1 ••• 00 
1 



Mi 



J = 



M 2 





mi 





mi 




1 
1 













M fc \ TO fe o o 




















1 
1 
1 









Let x = e 13 be the unique solution in (0, 1) of 
(5.16) l-J2 mi x Ah =0. 



If 

(5.17) a= (l,e-' 3 , e - 2 ' 3 ,..., e -( w - 1 )' 3 ) , 
then a is the left Frobenius eigenvector 

(5.18) aJ = eV 
As explained before, we have the identification 

oo 

(5.19) K (2l L ) = (J J- n Z N (C R N ) 
with the trace functional 



n=0 



(5.20) 
Using 
(5.21) 



r(y) = (a\y), y e Q J-"Z W . 



n=0 



(a | J" n fc) = e- n/3 (a | jfe) = e- nf3 k *e 



0(i-i) 



\ 
















1 
1 
0/ 



i=l 
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for k e Z N , n e N, together with the fact that the range of the trace is a subgroup 
of the additive group R, it is clear that the range of the trace is Z [e _/3 ] , i.e., 

(5.22) r(X (2l L ))=Z[ e -' 3 ], 
and, furthermore, from [32], 

(5.23) r ({p | p projection in = Z [e _/3 ] n [0, 1] . 
Now, if m — (mi, . . . , mjv) is an element of the fc'th group 

(5.24) Z N ^Uz N ^>Z N ^> ■■■ 
and m is an infinitesimal element then (a | m f ) = 0, i.e., 

N 

(5.25) ^m,( e ^)" =0 

»=i 

(where we include zero terms!). This sum J2iLi mix 1 " 1 is a multiple of the minimal 
polynomial pp (x) having e _/3 as a root. If this minimal polynomial happens to 
be 1 — niiX Mi , which has degree N, then there are no nontrivial infinitesimal 
elements, and 

(5.26) K (G) S Z [e""] . 
If pp has degree deg (p^) < N, it follows that 

N 

(5.27) ^ rrikx^ 1 = p (x) ■ (arbitrary polynomial of degree < (N — 1) - degp^) . 

i=i 

It follows that the group of infinitesimal elements of the m'th group Z N is isomor- 
phic to 

(5.28) z w-do gP ^ 

and as J maps these groups into each other, we obtain the infinitesimal elements 
as an inductive limit 

(5 29) ^N-dcgpp Jo ) jN-^cgpfj J o ) _ _ _ 

where Jo is a restriction of J, so J is an injective matrix with integer entries, 
but the entries are no longer necessarily positive, as we see in the examples. See 
Chapter 7 for more details on J . 

In conclusion, the complete invariant 

(5.30) (K (% L ),K (% L ) + ,[1}) 
of the algebras 21l defines an extension 

(5.31) — ► kcr (t) K (2l L ) Z [e"' 3 ] — ► 
together with an element [1] of K such that 

(5.32) t ([!]) = I. 

See Chapter 10 for more details on these extensions. Concretely, K (21l) is the 
subgroup (5.19) of R w , r is given by (5.20) and (5.17) and 

(5.33) [1] -(1,0,0,..., 0) 
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and 

(5.34) K = {0} U {v e K Q (2l L ) | {a | v) > 0} . 

Note in passing that if G is any countable abelian group which is an extension 

— >G < — ► G Z [a] — ► 

where Go is a torsion-free abelian group and a is a real number, and Z [a] is equipped 
with the order coming from Z [a] C R, and if G is equipped with the order g > 
if and only if t (<?) > 0, then G is unperforated and has the Riesz interpolation 
property so G is the dimension group of an AF-algebra by Effros-Handelman 
Shen's theorem [33], [29]. 

Another way of describing [Kq (21l) , K (21l), , [1]) which will be quite useful 
in the sequel is the following: Let pl (x) be |det J| times the characteristic polyno- 
mial of J -1 , see (4.31), (5.16), (5.48), and let a = e _/3 be the positive real root of 
this polynomial (i.e., l/a is the Perron-Frobcnius eigenvalue of J). Then 

(5.35) K (Vl L ) = Z{x}/( PL ) 

as additive groups, and the order on Kq (21l) is given by that p + Z [x] pl (x) > 
if and only if 

(5.36) p(a)>0 

(this condition is well defined since pl (a) = 0). The element [1] corresponds to 
1 + Z [x] pl (x) by this isomorphism. Application of J -1 on K (21l) (which is well 
defined by (5.19)) corresponds to multiplication by x, i.e., 

(5.37) J- 1 (p (x) + Z [x] p L (x)) = xp (x) + Z [x] p L (x) 

where the left-hand polynomial is identified with its representative in Kq (21l) given 
as in (5.38), below. The isomorphism between the concrete realization of Ko 
in (5.19) and Z [x] / (pl) is thus given by 

(5.38) (ao, • • • , <Uv-i) 1 — > a + aix + • • • + oat-ix^ -1 mod pi (i) , 

and using this and (5.21) the statements above follow immediately. Note also that 
in this picture 

(5.39) kerr = Z[x] Pa (x)/ (p L (x)) , 

where p a & Z [x] is the minimal polynomial of a, which is a factor of pl- Factorizing 

(5.40) pl (x) = po (x) p a (x) 
we thus have 

(5.41) kerr ^Z[x]/(p (x)). 

This viewpoint will be important in Chapter 7 and later chapters. 

One connection between the cone (5.2) and that of (5.34) can be made by 
the use of [45, Lemma 2], which shows that a given element g of K (^Il) = 
Ufe>o k "^ N satisfies t (g) > if and only if there are k e {0,1,2,...}, n = 
(ni, . . . , un) e Z N , such that rn > 0, and v € kcr (r) such that 

g = v + JL k n. 

In applications, this "concrete" realization of [Ko (21l) , K (21l) + , [1]) is often 
nevertheless not concrete enough to decide isomorphism and non-isomorphism of 
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the algebras 21^, but there is a simple sufficient condition for isomorphism, namely 
equality: 

Corollary 5.1. Let 1 < L\ < ■ ■ ■ < L d and 1 < L\ < ■ ■ ■ < L' d , be two sets of 
integers, each with greatest common divisor 1. Assume 

(5.42) the unique solutions i,t/6 (0, 1) of the equations 

d d' 
1 — ^ x Li = and 1 — ^ y Li = are the same, i.e., x = y; 

i i 

and 

oo oo 

(5.43) L d = L' d ,{ = N) and (J (Z N ) = \J (% N ) . 

n=0 n=0 

It follows that Qir, and %Ll' ore isomorphic C* -algebras. 

Proof. By condition (5.42) and (5.16)-(5.18) the Perron-Frobenius eigenvalue 
and the normalized left Perron Frobcnius eigenvector a are the same for Jl and 
Jl>- But (5.43) states that K (21l) and K (21l') are the same subgroup of Q N , 
and by (5.34) the positive cones are the same. By (5.33), [1] is represented by 
the same element of the two cases, and thus the complete invariants (5.30) are the 
same. Thus 21^ and 2lfy are isomorphic C*-algebras. □ 

Still we will see in the examples that the computation of U^Lo ^l" {^ N ) is not 
so simple in general. But there is one simple special case, namely when = 1 in 
(5.15), i.e., |det (Jl)\ = 1- Then 1 is a matrix with integer entries, so Jl : 1> N — > 
Z N is bijective and hence 

(5.44) K Q (fci) = Z N 

by (5.19). It follows immediately from Corollary 5.1 that 

Corollary 5.2. Let 1 < L\ < ■ ■ ■ < L d and 1 < L' x < ■ ■ ■ < L' d , be two sets of 
integers, each with greatest common divisor 1. Assume 

(5.45) the unique solutions x, y G (0, 1) of the equations 

d d' 
1 — x Li = and 1 — y Li = are the same, i.e., x = y; 

i i 

and 

(5.46) Ld = L' d , and Ld-i < Ld and L' d ,_ 1 < L' d ,{i.e., the matrices Jl 

and J li have the same rank, and the lower left matrix element is 1). 

It follows that^L and%L' are isomorphic C* -algebras. 

Proof. In this case |det J L \ = |det J v \ = 1 so K Q (2l L ) = K Q (% L ,) = Z N and the 
result follows from Corollary 5.1. □ 

In general we will see in the examples that the algebras 21 l for different i's 
are "almost never" isomorphic. However, Corollary 5.2 may be used to make some 
isomorphic tuples: 
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Example 5.3. It is convenient from here and henceforth to write J in the form 



(5.47) 



TOi 1 ■ 

m 2 1 • 

m N - 2 

mjv-i 

\ 171 ]v 0- 

instead of (5.15), and then equation (5.16) becomes 

N 



o cA 



1 
1 
0/ 



(5.48) 



Pl (x) = J]] mjX J — 1 = 0. 



As noted in (4.30)-(4.31) this equation is to at times the characteristic equation of 



(5.49) 



J- 1 





1 
1 



\0 







niN 



rn±. 

m N 

— sa. 

miv 



1 _ mjv - 2 
1 - 



miv 
mjv-i 



The condition in Corollary 5.2 is that mjv = 1, i.e., the polynomial (5.48) should 
be monic. Now it follows from Corollary 5.2 that two monic polynomials of the 
form (5.48) give rise to isomorphic algebras if they have the same degree N and 
the root in (0, 1) is the same for the two polynomials (under the overall condition 
gcd({i | rrii ^ 0}) = 1). (This is no longer true if the polynomials are not monic; 
see, e.g., the examples in Chapters 16 and 17.) To generate polynomials of the form 
(5.48) with the same root, one may start with a fixed polynomial of the required 
form, e.g., 

Po (x) — x 3 + x 2 - 1, 
and then multiply po (x) with a polynomial 



q(x) ^x n + k n ^ 1 x r ' 



k„- 2 x n 2 + --- + hx + l. 



Choose the coefficients k\, . . . , k n -i as integers such that rrij > for all j in 



n+2 



Po (x) q (x) = x n+3 + ^ m j xj - !• 
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This procedure, applied to n = 2, 3, 4, 5, gives the following values for the possible 
first column 

/ TOl \ 



/ mi 



mi 



\m N/ 



mjv-i 



of the incidence matrix J: 

n = 2: Two isomorphic algebras: 




















5 


1 







1 


VV 




Vv 



3: Two isomorphic algebras: 









1 


















5 


1 


1 




2 


W 




Vv 



n = 4: Three isomorphic algebras, which are subalgebras of O5, O4, O3, 
respectively: 































1 




2 





7 










2 




1 







2 




1 







VV 




VV 




Vv 



See Figure 14. 
n = 5: There are 6 + 1 possibilities to begin with, 



















(A 




















1 



















1 

















1 






















1 









1 









2 




1 


1 


5 


1 


7 










7 





5 


1 


7 





2 




1 




1 






















2 




1 




1 




1 




1 












VV 




VV 




VV 




VV 




VV 




VV 




VV 



but in the last example gcd (L) = 2, so this falls outside our scope. 
The remaining 6 vectors give rise to isomorphic subalgebras of Od with 
d = 6,5,4,4,3,4, respectively. Note that this shows that d is not an 
invariant. The next-to-last example is illustrated in Figure 3. 
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Figure 14. L = {5,5,6,6,7} (top left), {3,5,6,7} (bottom left), 
and {3,3,7} (right), illustrating the n = 4 case in Example 5.3. 
These represent isomorphic algebras. 
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Remark 5.4. The isomorphism of the algebras 21l and 21l< established in Ex- 
ample 5.3 for various pairs L, L' was arrived at in a quite roundabout way. In 
general it follows from [6, Theorem 2.7] that 21^ and 21l' are stably isomorphic 
if and only if there exist natural numbers k\, k 2 , k$, . . . , l\, l 2 , h, ■ ■ ■ , and matri- 
ces Ai, A 2 , . . . , Bi,B 2 ,..- with nonnegative integer matrix elements such that the 
following diagram commutes: 



(5.50) 




This means that 

J k i — DA. 

J l £, = A l+1 Bi 



(5.51) 



for i = 1, 2, There are examples showing that the sequences A, B, k, I cannot 

always be taken to be constant when they exist [13]. In our case, when the Jl's 
are nonsingular, the existence of constant sequences would entail that Jl and Jl> 
have the same dimension, and j| be conjugate to J l L ,. Note in this connection that 
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Jl is conjugate to Jj/ if and only if L = L', because the characteristic polynomial 
of Jl completely determines L = (L\, . . . , L4), as we have seen. 

In the covariant version of this isomorphism problem, it is known from a the- 
orem by Krieger that the sequences can be taken to be constant. Let G (L) be 
the dimension group associated to L, and (ctl)* the automorphism of G(L) deter- 
mined by Jl. Let now = 21 l ® K, (£ 2 ) be the stable AF- algebra associated to 
G(L), and o~l an automorphism of 03 ^ such that the corresponding automorphism 
of G (L) is (ox)*- Then Krieger's theorem [61] says that (G (L) , (o-l)J is isomor- 
phic to (G (L 1 ) , (ctl')*) ^ an d onr y i 1 there is a k e N and nonnegative rectangular 
matrices A, B such that 

AJ L = J L ,A, 
BJ L i = JlB, 

^ AB = Jl 

BA = J\,. 

If also N > 1, it was proved recently in [17] that this is also equivalent to outer 
conjugacy of o~l and o~l' ■ All these results were proved in the more general setting 
of constant incidence matrices. In the Jl case, the conditions simply mean L = L' . 
In fact, the third condition in (5.52) implies that both A and B are nonsingular. 
Hence, the first condition reads Jl 1 = AJlA" 1 , and we conclude that Jl and Jl> 
have the same characteristic polynomial. Since the coefficients in the characteristic 
polynomial of Jl are the numbers in the first column of Jl, it follows that Jl = Ju 
as claimed. (See also (11.1)— (11.2) for more details.) 

Note that the Williams conjecture discussed at the end of Chapter 6 in [32] 
has been settled in the negative in [58]. 

Let us end this chapter by mentioning another corollary of results in [17], which 
classifies the actions of T on O d defined by (4.1): 

Corollary 5.5. Let 1 < L\ < ■ ■ ■ < and 1 < L\ < ■ ■ ■ < L' d , be two sets 
of integers, each with greatest common divisor 1. The following conditions are 
equivalent. 

(i) The automorphism ol of 21l <g> K (£ 2 ) defined prior to (5.52) is outer 
conjugate to ol' ■ 

(ii) (G (L) , (ctl)*) is isomorphic to (G (L 1 ) , {ctl')*)- 

(iii) The action of T on Od defined by (4.1) is outer conjugate to the 
action cr( L ) . 

(iv) cr^) and a^ L ) are conjugate actions off. 

(v) L = L' . 

Proof. We already noted above that (i) ^ (ii) is [17, Corollary 1.5]. But (ii) 4=> 
(iv) follows from [17, Corollary 4.1]. The implication (iii) => (ii) follows by noting 

that the stabilization of the dual actions of is outer conjugate to <7l, 

cr l' by Takai duality. The only remaining nontrivial implication is (ii) =>• (v); as 
noted in [13], the relations (5.52) imply that Jl and Jl> are similar, and thus have 
the same characteristic polynomial. But by (10.10), the characteristic polynomial 
determines Jl and thus L uniquely. Thus (ii) => (v). □ 
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Remark 5.6. The equivalence relation of Brattcli diagrams referred to in the 
second paragraph in the Introduction can be described as follows: The diagram 
itself can be described as a sequence of incidence matrices 



(5.53) Ji, J2, J3, J4, • • • 



These are (not necessarily square) matrices with integer nonnegative matrix units 
such that the number of columns in J„+i is equal to the number of rows in J n . One 
way of obtaining an equivalent diagram is then to remove rows from the diagram 
and connect the remaining vertices by edges with multiplicity given by the number 
of ways one can go from the upper vertex to the lower along the original diagram. 
In terms of incidence matrices, one picks an increasing sequence 1 < n\ < n 2 < n 3 
of integers, and replaces the sequence (5.53) by 



(5.54) Jn 2 — lJn 2 —2'''Jnn Jn.3 — 1^713 — 2 " " " J-i 



The equivalence relation is then simply the equivalence relation on sequences of 
incidence matrices generated by this relation. One has to apply the relation or its 
inverse four times to go from one diagram to another. Roughly, start from 



2ti — > 2l 2 — > 21 3 

by removing rows to obtain 



91 > 21 > 21 



then insert new rows to obtain 



21 > <R > 21 ► <R 



then remove rows to obtain 



and finally insert rows to obtain 

93 1 — ► <8 2 — > <B 3 
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One example from [6], where the first and last steps are unnecessary, is 
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Here the algebra is the UHF algebra ® 00 M 2 of Glimm type 2°° , also illustrated in 
Figure 1 . The algebra to the left is the fixed-point subalgebra of Mi under the 
infinite-product action <3)°° Ad (o -i) of Z2, and the figure shows that this fixed- 
point algebra is isomorphic to the full algebra [85] . To show directly that the pairs 
or triples of diagrams shown in Figures 14, 15, 17, 19, and 20 can be transformed 
into each other by this method is presumably a much harder task, as it is to show 
directly that the pair in Figure 12 cannot be transformed into each other. 



CHAPTER 6 



Invariants related to the Perron— Frobenius 

eigenvalue 



Let J, K be two nonsingular N x N matrices with nonnegative matrix elements 
which arc primitive, i.e., for sufficiently large n £ N, J" and K n have only strictly 
positive matrix elements. Let Ai, A2 be the Perron-Frobenius eigenvalues of J, K. 
Then Ai, A2 are algebraic numbers, and Q [Ai] and Q [A2] are fields which are finite 
extensions of Q. If Ai and A2 are rational, they are integers since they satisfy a 
monic equation. If in addition N = 1, then the stable C*-algebras associated with 
the corresponding dimension groups characterized in (5.1)-(5.34) are M\?° ®/C (Ti) 1 
where is the UHF algebra of Glimm type A 00 and JC (H) is the compact 

operators on a separable Hilbert space H. It follows from Glimm's theorem [47] 
that these algebras are isomorphic if and only if Ai and A2 contain the same prime 
factors. In particular, if J = (6) and K = (12) (as 1 x 1 matrices), the associated C*- 
algebras are isomorphic. See also [13, Example 9]. This was partly generalized in 
[13, Theorem 10], where it was proved that if J, K are nonsingular primitive N x N 
matrices and the stable C*-algebras they define are isomorphic, then Q [Ai] = Q [A2] 
and Ai, A2 are products of the same primes over this field (i.e., primes in the subring 
generated by the algebraic integers in the field). The example mentioned above 
shows that A itself is not an invariant, and the purpose of this chapter is to show 
that A itself is not an invariant in more interesting examples of matrices of type 
(5.47), 



(6.1) 



J 



mi 



m 2 












misr-2 '-10 
mjv-i 1 

\iiiiv • • • 0/ 

where the rrii are nonnegative integers, 7^ and gcd{i \ rrii =^ 0} = 1. The 
characteristic polynomial of J is 

(6.2) det (il — J) = t N — m^^ 1 - m 2 t N ^ 2 niN^t - m N 

and the Perron-Frobenius eigenvalue A is the unique positive solution of this equa- 
tion. 

More examples of this kind where the J's are 2x2 matrices can be constructed 
by a machine developed in Chapter 13; see in particular Example 13.5 and remarks 
prior to Proposition 13.4. 
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The example we shall give here is a modification of another example in [13, 
Example 9]. For a = 2, 3, 4, ... , consider the monic polynomial 

(6.3) p a (t) = (t- a 2 ) (t 2 +at + a 2 ) = t 3 + (-a 2 + a)t 2 + (-a 3 + a 2 ) t - a 4 . 

The last three coefficients are negative for a = 2, 3, . . . , so this is the characteristic 
polynomial of 

i 2 - a 1 0\ 
a 3 -a 2 1 



(6.4) 



0/ 



The spectrum of J a consists of the roots 



a, 



2 2 



(6.5) sp(J ) = 
and hence we observe 

(6.6) sp(J a2 ) = {A 2 |AGsp(J a )}. 
Thus J a 2 and J 2 are conjugate over Q [V3\ , and hence over 



Now put 



(6.7) 



K = J 2 = 



1 



16 0, 



J = J 4 



1 

1 
v 256 0, 



Then we compute that 

(6.8) 

for 

(6.9) 

Let 

(6.10) 



JT = TK 



T = 




S = T- 



1 



24 



12 



It follows from (6.8) that 

(6.11) SJ = K 2 S. 
For a given n € N, put 

(6.12) A = K 2n S = SJ n , B = T. 
It follows from (6.8), (6.11), and ST = TS = 1 that 

(6.13) J n = TSJ n = BA, K 2n = K 2n ST = AB. 

This is a version of (5.51) except that A, B are not necessarily matrices with positive 
integer matrix elements, only rational elements. To remedy this we now replace J, 
K by scaled versions 

i 2 1 





/ 2d 


1 






(6.14) 


K d = Ad 2 







Jd= ( 




\l6d 3 





0/ 
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where d is an integer. One now checks that the eigenvalues of both K\ and J d are 



(6.15) 

and then 

(6.16) 

with 



16d 2 



J d T d = T d Kj, S d Jd = KjS d , 



(6.17) 



T d =\- 




S d = T- 1 = 



¥ 

8 i2 



2 
3 



1 

24d 3 



-J— 



With this change, we note that is a multiple of an arbitrary large power of d 
with an integer matrix provided n is large enough. Taking n = 4 we compute 



(6.18) 



3 we see that 



192d 4 I2d 2 



2^2 d 6 



f d 3 

fd 4 



Choosing d 
(6.19) 

is a positive integer matrix. Similarly 

/ 144d 4 

(6.20) 



T d Kj 



A = KlS 3 



640d 6 



40d 3 
96d 5 



48d 4 I 



T 3 Kl 



\2048d 8 512rf 7 256d 6 / 
is a positive integer matrix whatever integer value d has, and we put 

(6.21) B 
Now, redefining 

/ 6 10^ 

(6.22) K := K 3 = 36 1 

\432 y 

it follows from (6.16), (6.17), (6.19), and (6.21) that 

AJ = K 2 A, 
JB = BK 2 , 
J 4 = BA, 
K 8 = AB. 



I 108 
3888 
\ 186624 



(6.23) 



Thus, J and K 2 are shift equivalent in the sense of (5.52), and in particular, J and 
K define isomorphic AF-algebras by (5.51). But the Perron-Frobenius eigenvalues 
of these matrices are 16d 2 = 12 2 = 144 and Ad = 12, respectively. Hence this 
eigenvalue in itself is not an isomorphism invariant. 



CHAPTER 7 



The invariants N, D, Prim(mjv), Prim(i?£)). 
Prim {Q N -d) 



In this chapter, we establish a triangular representation J L = 



Jo 


Q ' 





Jd 



of a 



matrix Jl in the standard form (7.2) such that the submatrices Jo and Jd are again 
in the same standard form (with the exception that the integers corresponding to 
mi, . . . , mjv are no longer necessarily positive), and ker (r) is obtained from Jo the 
same way Kq (21l) is obtained from Jl- We then use this for the derivation of 
numerical C* -isomorphism invariants. 

Proposition 8.1, Corollary 8.3, and Theorem 7.5 below account for the terms 
Z [^] (where k € Z, k > 2) in K (21l) and in ker (jl) when they are present, as they 
are in many examples; see, e.g., Examples 18.1 and 18.2. The convention regarding 
L = (Li, . . . , L d ) is as in Theorem 4.2. We assume 1 < L x < L 2 < ■ ■ ■ < L d , and 
we count the values of the Lj's with multiplicity according to: 

(7.1) mj :=#{L i \L i =j} 

for j = 1, . . . , N where N := Ld- Then the matrix J = Jl takes the form 

/ ™„ in... n n\ 



(7.2) 



Jl = 



mi 
m 2 
m 3 



1 
1 










Tn i 1 

V m N • • • 0/ 

We always assume gcd{z | m t ^ 0} = 1. With this convention, we have mjv > 1- 
Let a := e _/3 where /3 is the unique solution to 

(7.3) £ e -/* 4= £ mje -« = 1 . 

* j 

As explained in (5.15)— (5.18), A := e* 3 is the Perron-Frobenius eigenvalue for Jl- 
The results in this chapter are somewhat technical. The matrix J is given a 



representation which admits a triangular form 



Jo 


Q ' 





R 



where Jq and R have 



the same type (7.2) as J, and Q is of rank one (see Theorem 7.5). Hence it is 
easy to read off the determinants of J and Jo- We use this to show that the prime 
factors of these determinants are C*-isomorphism invariants (Theorem 7.8). 
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Each lattice 7L N is (linearly) isomorphic to the space Vat of polynomials / e 
Z [x] of degree < N — 1. This means that matrix multiplication by Jl in % N 
is equivalent to an operation on the polynomials Z [x] of degree < N — 1 . This 
operation can be described by the following explicit representation. 

Lemma 7.1. Define 

(7.4) Vn := {.f (x) e Z [x] | deg / < JV - 1} . 
Let 

(7.5) f m (x) := mi + rn 2 x + • • • + m N x N ^ 1 . 

Then matrix multiplication by J in Z N induces the following operation J on Vn: 

(7.6) (J/) (x) = / (0) f m (x) + /( ^ /(0) , / e V W . 

Proof. For fe = (fci, ...,k N )e Z w , let / fe (x) = fci + k 2 x + ■ ■ ■ + k N x N -\ Then 

(Jfk) (x) = fjk (x) 

= m\k\ + k 2 + {m 2 ki + k 3 ) x + . . . 

+ (m A r_ 1 fc 1 + k N ) x N ~ 2 + m N kiX N ~ 1 

N N 

= fci mix* -1 + fcj-x- 7-2 

t=l j=2 

= A(0)/ m(l ) + ^M, 

a; 

which proves the lemma. □ 

The construction of K (21l) and ker(-rx) involves the Frobenius eigenvector 
a = (an, a2, • • • , ajv) which solves 

(7.7) aJ = Xa 
where A = is the Frobenius eigenvalue. (See (5.8).) 

Lemma 7.2. Let a := A -1 = e^ 13 . When normalized with ol\ = 1, the eigenvector 
a from (7.7) is 

(7.8) a= (l^a 2 ,...,^ -1 ) . 

Proof. This was verified in (5.17). □ 

Lemma 7.3. Let a = (l, a, . . . , a* -1 ) 6e the Frobenius eigenvector, and let 

p a (x) € Z [x] 

be the minimal polynomial of a — e~P . With the identification 
■L N =V N = {/ e Z [x] I deg/ < TV - 1} , 
as m (7.4), i/ie following two conditions are equivalent for k — (fci, . . . , /cat) g "L N : 

(i) fce{a} x . 

(ii) p a (x) |/fe (x), where / fe (x) = £) i=1 fox* -1 . 
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Proof. We have 

AT 

(7.9) (k\a) = J2k i a i - 1 = f k (a), 

i=l 

showing that f k (a) = if and only if k € {a}^. But f k (x) is divisible by p a (x) if 
and only if a is a root. □ 

Corollary 7.4. If D := degree of p a < N — 1, then the subgroup {a}' 1 fl 7j N may 
be represented in the form 

{q (x)p a (x) | q (x) e V N -d} ■ 

If D = N, then {a}' 1 n Z w = {0}. In any case, J leaves {a}' 1 n Z w invariant, and 
if D < N — 1, J induces an operator q J (g) ok V^-d by 

(7.10) J (<7 Pq ) (x) = (J ?) (x) p a (x) , g€ Vat-/,. 

Proof. The representation g (x) p a (x) is unique since p a (x) is irreducible. To see 
that {a} ± n Z^ is invariant under J, use (7.7) directly, or substitute x = a into 
(7.6) as follows: If / € Z [x] satisfies / (a) = 0, then 

(J/) (a) = / (0) / m (a) + /(fl) ~ /(0) = / (0) a- 1 - f (0) a" 1 = 0, 

a 

where we used the identity f m (a) = a -1 which in turn is equivalent to (7.3). □ 

We need one more prelude to the main theorem of this chapter. As in Lemma 
7.3, let p a € Z [x] be the minimal polynomial of a = e _/3 , and let p\ be the minimal 
polynomial of the Perron-Frobenius eigenvalue A = 1/a = e@. It is clear that these 
polynomials have the same degree D, and up to a sign 

(7.11) Px (x) = x D p a (^j , p a (x) - x D p x Q 

Since A is a root of the monic polynomial (10.10) in Z[x], it follows that p\ is a 
monic polynomial, and hence the constant term in p a (x) is ±1, i.e., 

(7.12) Pa (0)e{±l}. 

(This also follows from (4.31), or (5.48).) We will often fix the normalization of p a 
such that p a (0) = 1. 

Theorem 7.5. Let J be a matrix of the form (7.2) with the rrii positive integers, 
toat =/= 0, gcd {i | rrii 7^ 0} = 1. Normalize the minimal polynomial p a (x) by p a (0) = 
1. Decompose the polynomial f m (x) = mi + m^x + • • • + m^x 1 ^^ 1 , given in (7.5), 
by the Euclidean algorithm, yielding 

(7.13) f m (x) = q m (x) Pa (x) + T m (x) , 

where q m {x) = Yl,k=i' QkX k ~ X , r m (x) = X^feLi -Rfc£ fe_1 • It follows that, in the 
basis 



(7.14) {p a (x) , xp a (x) , . . . , x N D 1 p a (x),l,x,...,x 



D-ll 
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for Z N = Vn, the operator J is given by 
( 



(7.15) J 



Qi 


1 


•• 


• 





Qi 





• • 


• 


o\ 


Q2 





1 •• 


• 





Q2 





• • 


• 





Qz 





'• 


• 





Q 3 





• • 


• 





Qn-d-i 











1 


Qn-d-i 





• • 


• 





Qn-d 





•• 


• 





Qn-d 





• • 


• 

















Ri 


1 


• • 


• 















R2 





1 • • 


• 
















R 3 





'■ 


. 















Rd-i 











1 














Rd 





• • 


• 


/ 



V 

In the extreme case D = N, the upper left-hand matrix in (7.15) disappears, and 
the lower right-hand matrix is just (7.2). If D = N — 1, the upper left-hand matrix 
is (Qi), and if D = 1, the lower right-hand matrix is (Ri) = (Rd)- In general, the 
coefficients R\, . . . , Rd can be computed from the formula 



(7.16) 



l -Pa (X) 



(Without the normalization p a (0) = 1, the upper left-hand matrix elements Qi must 
be replaced by p a (0) Qi where p a (0) € {±1}-) 

Proof. We leave the modifications needed to cope with the extremal cases D = 
N, N — 1,1 to the reader, and consider the generic situation 1 < D < N — 1. 
We use formula (7.6) in calculating J in the basis defined from Lemma 7.3 and 
Corollary 7.4. Define 



(7.17) 



x j p a (x), j = 0,...,N-D-l. 



Then {ej} is a basis for {a}' 1 n Z by Lemma 7.3. Furthermore, 



J (e ) = J (p a ) = Pa (0) fm (x) + 



Pa (x) - Pa (0) 



: Pa (0) q m (x) p a (x) + p a (0) r m (x) 



Pa (x) - Pa (0) 



remainder 



Since deg ((p a (x) — p a (0)) /x) < D it follows from Corollary 7.4 that the remainder 
is zero (this accounts for (7.16)), and 



N-D 



J (e ) = Pa (0) q m (x) Pa (x) =Pa(0) Qj e ]-1, 

3 = 1 
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which accounts for the upper left column in (7.15) via formula (7.13). Since for 

' x 

the rest of the left half of the matrix (7.15) is accounted for. 

For the rest of the entries in the formula (7.15) for J, pick the monomials 
l,x,. . . ,x D_1 as a basis for the remainder terms in the Euclidean representation 
of Z N = Vat. Using again (7.6), we get 

J (1) = fm (x) = q m (x) p a (x) + r m (x) , 

which accounts for the (N — D + l)'st column in (7.15). 
For j such that < j < D we have, using (7.6): 

r J — f) 

J( X 3) =()+- -=xl-\ 

X 

and that accounts for the remaining columns in (7.15). □ 

Corollary 7.6. Assume 1 < D < N — 1. Then the relationship between the 
determinants of J and the restriction Jo of J to {a}' 1 n 7L N is given by 

(7.18) det (J) = (-lf^ 1 R D det (J ) = (-l)^" 1 m N , 
and 

(7.19) det (Jo) = (-if- ' 1 p a (0) Q N - D , 
and therefore 

(7.20) Pa{Q) Q N _ D = { -if^, 
which implies that Qn-d ^ 0. 

Proof. Use the standard rules for computing determinants on (7.15), and use (7.13). 

□ 

Note that the number tun is not an isomorphism invariant. See, for example, 
(6.22)-(6.23), or let us consider the following example from [13, Proposition 5 and 
following remark]. If 

then in both cases the dimension group Gj (resp. Gj>) is Z [|] Z [i] with order 
given by (x,y) > 8x + y > 0. Furthermore, a = |, so the minimal 

polynomial is p a (x) = 8x — 1 in both cases. Clearly 777,2 = 32 for J and m' 2 = 16 
for J', so 777 n — TU2 is not an invariant. But, as 

4 + 32.x = Ap a (x) +8, 6 + 16x = 2p a (x) + 8 

we have R\ = 8 for both J and J', so this does not a priori rule out that Rd is an 
invariant. This is, however, ruled out by (6.22), where Rd has the value 144, 12 for 
the two matrices respectively. We will in fact prove in Theorem 7.8 that the sets 
of prime factors of mjv, Rd, respectively, are invariants. See (10.11) and Figure 15 
for more on (7.21). 
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Proposition 7.7. Let (J, Z N ), D = dcg(p a ), and the trace r(-) = ( • | a) be 
as described in Theorem 7.5 and (5.20). Let J denote the restriction of J to 
{a} ± nZ N ^Z N -°. Then 



(7.22) 



ker(r)= |J V l (^ D ) 



n>0 



where the equality refers to the identification (7.17). 

Proof. This proposition is essentially also true in the more general situation where 
J is a primitive nonsingular matrix. Using the standard basis for Z N , we saw in 
(5.3)-(5.6) that 

GO 

K (2l L ) = |J J- m (Z N ) . 

m—l 

But g = J~ m (n) is in kerr if and only if (using (5.8) and (5.10)): 

= r (g) = t (,r m (n)) = (a \ J- rn n) = \~ m (a\n) , 
i.e., if and only if n e Z N n {a}^, that is, 

J- m (n) n kerr = J~ m {% N n {a}^ . 
Using the basis (7.14) in Theorem 7.5, this is (7.18). More specifically, we saw 

relative to the 



Jo 


Q 





Jr 



in (7.15) of Theorem 7.5 that J takes the block form 
decomposition 

(7.23) Z N ^L ®Z D , L Q = Z N - D . 

The submatrices J and Jr are both invertiblc in dimensions N ~ D and D, respec- 
tively. Moreover (7.15) shows that each of the submatrices Jo and Jr has a form 
which is similar to that of J itself. The (N — D) x D matrix Q was also computed 
in (7.15). For J -1 , we therefore have the formula 



(7.24) 

and, similarly, 
(7.25) 



J- 





'Jo 1 


Jq 1 QJr 1 




V 


Jr. 1 



J- n = 



Jo" 


* * 

* * 





J R n 



□ 



Theorem 7.8. The following numbers and sets of primes are isomorphism in- 
variants for the AF-algebras 2lj,, where the members of L satisfy the hypothesis in 
Theorem 4.2: 

(i) N, i.e., L d , 

(ii) the set of prime factors ofrriN, 

(iii) , resp. (iii)', the set of prime factors of Qn-d, resp. Rjj, the coefficient 

in the highest- order term in q m (x), resp. r m (x), where 



(7.26) 



mi + m,2X + • • • + mffX 



N-l 



(x) p a (x) + r m (x) , 



and 
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(iv) D = deg(p a ). 
The invariants can be read off from the following commutative diagram: 



(7.27) 























1 




1 




1 






1 


z N - D 








z w - D 


Jo ) 




ker (t) 














ind 


I 




1 




1 






1 




.7 ^ 


z w 


.7 


Z N 


.7 ^ 


ind 


^o(2l) 


i 




1 




i 






1 




Ja ) 


IP 


J R) 


Z D 




ind 


Z [A"*] 


i 




i 




i 






1 























where the vertical sequences of maps are short exact sequences, and the horizont 



maps are injective, and where J has the form (7.15), J — 



Jo 


Q 





Jr , 



This 



picture is also valid when J is a general nonsingular primitive N x N matrix, except 
that J , Q, Jr do not then have the special form in Theorem 7.5. Nevertheless, 
N, D, Prim (det J), Prim(det Jo), Prim(det Jr) are still invariants for stable C* - 
isomorphism, where Prim (n) denotes the set of prime factors of n for any n € 
Z\{0}. 

Remark 7.9. The Prim-invariants are independent in the following sense: In Chap- 
ter 16, we give examples J, J' for the same fixed values of N and D where 

Prim(Q N _ D ) = Prim(Q' N _ D ) 

but 



and also examples with 



but 



Pvim(R D ) ^ Prim (#£,); 

{Prim (m N ) = Prim (m' N ) 
PTim(R D ) = Prim(i?^) 

Prim(Q N _ D ) ^ Prim (Q' N _ D ) . 



Proof of Theorem 7.8. (i) We have already commented that N = Ld is the rank of 
the group Kq (21l), so N is an isomorphism invariant. 

(ii) If 77 e N, let again Prim (n) denote the set of prime factors of n, with the 
convention Prim(l) = 0. If 21l and 21l< are isomorphic, it follows from (5.51) by 
taking the determinant on both sides that 

Prim(777 W ) = Prim(|dct (Bj)|) U Prim(|dct , 

Prim(mV) = Prim(|dct {A i+1 )\) U Prim (|det (B t )\) , 

Prim(777Ar) = Prim(|det (B i+1 )\) U Prim(|dct (A l+1 )\) , 

Prim (m' N , ) = Prim ( | det A t+2 \ ) U Prim ( | det B l+ , \ ) , 

where we used Corollary 7.6. Hence 

Prim(777^v/) C Prim (ra at) C PY\m(m' N ,) 
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SO 

(7.29) Prim (m N ,) — Prim (mjv) • 

Thus in particular Prim (win) is an isomorphism invariant, as claimed. 
As the exact sequence 

(7.30) 0^kevr^K (^ L ) — ► t (tf (»£)) — ► 

is uniquely determined by the dimension group (K (21l) , if (21l) + ) , the group 
kerr is an isomorphism invariant. But if Jo denotes the restriction of J to kerr = 
T, N n {a} -1 , then Jo identifies with the upper left-hand part of the matrix (7.15). 
But Qn-d 7^ by Corollary 7.6 and hence det Jo ^ by (7.19). It follows from 
Proposition 7.7 that N — D = rank (kerr) is an isomorphism invariant and thus D 
is so. Thus (iv) is proved. Furthermore, if J' is another nonsingular primitive inci- 
dence matrix defining the same dimension group as J, it follows from Proposition 
7.7 that 

(7.31) |J (J )-" (Z N ~ D ) - (J V 1 (Z N ~ D ) 

n>0 n>a 

and thus Jo and Jq are related as Jl and Jl' in (5.51), except that the Bi, Ai now 
are just (necessarily nonsingular) integer matrices, without any positivity. (See an 
elaboration of this in the following paragraph.) But positivity did not play any role 
in the first part of the present proof, and hence 

Prim(|dct J |) = Prim(|dct J |) . 

But | det Jo| = \Qn-d\ and |det Jq| = |Qjv_£>|j so Prim (Qn-d) is an isomorphism 
invariant, which shows (iii). 

By [32], the groups K (21 (Jl)) and K (21 (Jl')) order isomorphic. Let 9 be 
the corresponding order isomorphism. It follows from (5.34) that 9 restricts to an 
isomorphism of ker (r) onto ker (r'). We have shown in Proposition 7.7 that ker (r) 
is constructed from J the same way K (21 (Jl)) is gotten from J L as an inductive 
limit. Now apply (7.22) to both ker(r) and kcr(r'). Then the argument from 
(5.51) yields 

Jq 1 = Gi Ei , 



(At 



Ei+\Ci 



where fei, fe, • • • , h,h, ■ ■ ■ are natural numbers, and the matrices C\, C2, ■ ■ ■ and 
E 1 ,E 2 ,... are (N - D) x (N - D) over Z. 

The argument which yields ker (t) as the inductive limit U„ >0 Jq 11 ^^ in 
(7.22) also yields the following associated isomorphism: 

(7.32) K (2l L )/ker (r) = (J J R n Z D . 

n>0 

This follows by general category theory from the commutativity of the diagram 
(7.27) and exactness of the vertical short exact sequences of this diagram. Let us 
elaborate on this: Use induction, and (7.22) for ker(r), starting with the obvious 
isomorphism 

n/N /n,N-D n?D 
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given by 

'Z N ~ D 



z 



D 



I G Z- 



and arriving at 

(7.33) J"" (*) A VJ. 

Since 



(7.34) J- 



k\ _ (J^ n k + Q*J 



I ) \ J R n l 



for a suitable matrix Q* n by (7.25), we get 

(7.35) J~ n Z N ' /J^ nr L N - D = J R n Z D 

with the isomorphism induced by p n of (7.33). It is an isomorphism, for if J R n l = 
then I = since Jr is nonsingular. So then 



J- 



o V o 



by (7.34). This proves (7.35). 
By (7.27), we get 

K (2l L ) / kcr (r) = ( the inductive limit 

constructed from r nr L N / J^ nr L N - D ), 

and so 

K (2l L ) / kcr (r) = ind J R n Z D 
= (J J R nZ ° 

n>0 

by (7.35). To see this, we must also check that the defining homomorphism 
(7.33) does indeed pass to the respective inductive limit groups \J n>0 J~ n ^ N an d 
U„> J R n % D - But note that 



j-n ^ = j-(n+l) ^Jok + Ql 



and the right-hand side is mapped into 

under p n +i from (7.33). So we have the commutative diagram 

J-n Z N c > j-(n+l) Z W 

\ / 

of homomorphisms of abelian groups. As a result, there is an induced homomor- 
phism of the respective inductive limit groups 



Ko(Zj) (J J fl "Z D , 



n>0 
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where J = Jj, for short. The formula (7.34) shows that 

ker (p) S (J Jo n Z N ~ D S kcr (r) 

where we used (7.22) in the last step. Hence, by the homomorphism theorem, we 
have 

n>0 

which is the assertion (7.32). 

Let L and V be as in Theorem 4.2 with associated matrices J = Jl and J' = 
Jl>, and suppose the C*-algebras 21l and 2lz/ are isomorphic. The corresponding 
order isomorphism 

e:K Q (?i L ) _^tf (a L ,) 

therefore induces isomorphisms 

^(restriction) : ker (r) — ► ker (r) 

and 

"(quotient) 

: ifo(2t L )/ker(r) ^K (2lL')/kcr(r'). 
It follows further that ^(quotient) then induces an isomorphism 

n>0 n>0 

This makes sense since we have already concluded that N — N' and D = D' . 
(Recall that N - D = rank (kcr (r)).) 

Now the argument after (7.31) applies to and J^, the same way as we used 
it to get identity of the sets of primes for |det J | and |det J' \. Using finally 

i2£» = |detJ fl |, E! D = \det J' R \ , 

we conclude that 

Pnm(R D ) = Prim(R' D ), 
which is the claim. The final statement of Theorem 7.8 is clear from the proof 
in the special case that J has the form (7.2). The only thing that separates the 
general case from the special one is the special form of J , Q, Jr in (7.15), and 
thus the formulae |det(J)| = tun, |det(Jo)| = \Qn-d\ and |det Jr\ = \Rd\- □ 

Corollary 7.10. Assume that J satisfies the hypotheses of Theorem 7.5 and let X 
be the Perron-Frobenius eigenvalue of J. Define J R as in the proof of Proposition 
7.7. 

(i) There is a natural isomorphism between the two (unordered) groups Z [j\ 

and md( J R )=\J n >o J R nzD - 

(ii) If an ■= (l, 1/A, . . . , l/X ^ 1 ), so that cxdJr — Xccd, the isomorphism is 
determined by (od | • ) as follows: 



ind (Jr) 


Z[l/A] 




1 




— ► R 


UJ 


LU 


V 


i — > (a D v) 
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where ( • | • ) is the usual inner product in M. D . 

Proof. The result follows from the equality r (K (21,/)) = Z [±] in (5.22), and the 
natural isomorphism 

r (K (2l, 7 )) - K (2lj) / kcr (r) - |J J^Z 13 
coming from (7.27) in Theorem 7.8 above. See also (7.40)-(7.43) below. □ 



Corollary 7.11. // J, J' are two matrices of the form (7.2), one of them has 
a rational Perron-Frobenius eigenvalue, and they define isomorphic AF-algebras, 
then both the Perron-Frobenius eigenvalues X, X' are integral, and Rd = A and 
R' D = X, so 



Prim (R D ) = Prim (A) = Prim (A') = Prim (R' D ) . 



Proof. If for example A is rational then A is integral since it is a solution of a monic 
polynomial. If J and J' define isomorphic AF-algebras, then it follows from [13, 
Theorem 10] that <Q> [A'] = Q [A] = Q, i.e., A' is rational and thus integral, and 
A, A' are products of the same primes, Prim (A) = Prim (A'). But in this case 
Pa (x) = 1 — Xx, and by (7.16) r m (x) = Xx/x = A = Rd = R. □ 



Remark 7.12. If g e K (2l L ) C Q N has coordinates g A = (k , fa, . . . , fcjv-i) 
relative to the old basis A — (l, x, . . . , x N ^^ and coordinates g B = (Iq, h, ■ ■ ■ Jn-i) 
relative to the new basis in Theorem 7.8, then g corresponds to the polynomial 



N-l N-D-l N-l 

(7.36) Pg (x) = k ^ = E l iX i Pa (x)+ ]T iy- N+D . 

i=0 j=0 i=N-D 



If 



D 



m=0 



(7.37) p a (x)-^a m x m , 
we hence compute 



N-l fj/\(N-D-\) \ D-l 

(7.38) p g (x) = ^2 \ E a i- llt I x3 + E l 3+N-DX ] , 

3=0 \i=(j-D)V0 J j=0 
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and hence the transformation matrix between the new and the old coordinate sys- 
tem is 

(7.39) l£ = 

N-D-l N-D N-l 

1 Cl • • • 1 ■ ■ ■ ^ 

at a ••• 1 

O-D-l O-D-2 • • • 1 

a-D a-D-i o-D-i ■■■ao ••• 
a D . '•■ : : 
: '•• a 

Od a2 ai ao 

a 2 ai 

••• a£> a£)_i : : 

V ••• an ••• / N-i 

N-D-l N-D N-l 



D-l 
D 



N-l 



More interestingly, let us illustrate the power of the polynomial representation in 
the computation of the trace functional r (g) in the new representation. Recall 
from Lemma 7.2 that 

(7.40) r(g) = (a\g A )=p g (a). 

If j3 e (l^) is the row vector such that 

(7-41) T(g) = ((3\g B ) = ((3\l*g A ) 

we have f3 = aI A = a (7^) \ But note that 
(7.42) 

N-l N-D-l N-l N-l 

r (g) = Pa (a) = Yl k ^ = E i < 0< P« (°) + E = E ^« i_JV+D 

j=0 i=0 i=N-D i=0 

and hence 

(7.43) /?=(0,0,..., , 1 , a a 15 - 1 ) 

1 N-D-l N-D N-D+l N-l 

gives the trace functional in the representation (7.14)-(7.15). This is useful in 
explicit computations of the dimension group from the formulae (5.19)-(5.20): 



(7.44) K (2l L ) = Q J""Z 



JV 

J IL. 

n=0 
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which in the new representation becomes 

oo 

(7.45) K (% L )=\J(jZ)- n I*Z N . 

n=0 

Here J§ is J in the alias (7.15) and 7^ = (7g) 1 where 1$ is given in (7.39). Note 
that 

(7.46) \detlg\ = \a D \ N ~ D 

so I^Z N is a lattice containing Z N as a proper sublattice if \ao\ ^ 1- 



CHAPTER 8 



The invariants Kq <S>z %>n and (kerr) <g>z for 

n = 2,3,4,... 

In this chapter we will mainly study invariants deducible from the groups 
Kq (21l) = G and kerT = Go alone without the order structure. Of course any 
invariant associated to these groups will be an invariant of the algebra. For exam- 
ple viewing G as a Z-module, the groups G ® Z p , for p = 2, 3, ... , are invariants. 
We will also discuss structure on G coming from the embedding Z N <—>■ G given by 
(5.3)-(5.6) and the shift automorphism defined by G, but since this is extraneous 
structure it is not clear that it leads to invariants (the shift itself is not an invariant 
by the example (6.22)-(6.23)). 

Both in the construction of K (21l), and in that of ker (tl), the following 
inductive limit is involved: 

(8.1) C C .^(C) C J- 2 (C) C ••• 

where £ is a lattice of the same rank as the matrix J. But both C and J change in 
passing from K (21l) to ker (tx) for the inductive limit construction. 

We next show that quotients of these lattices, which are obviously finite groups, 
are necessarily cyclic when J is the original Jl- 

Proposition 8.1. The quotient 

(8.2) (C)/J- k {C) 

is isomorphic to the cyclic group Z„ lJV = Z/ m^l for each k = 0, 1, . . . . 

Proof. In general, if T is a lattice in R N and if M is an N x iV matrix such that 
M (r) C T, then Y/M (r) is a finite abelian group of order |det (M)|. See, e.g., 
[94, Proposition 5.5, p. 109]. Applying this to (8.2) for each k, we get that 

(8.3) A k := J-^ k+1 ^C/J- k L 
has order = |det J\ = mx- Note from Corollary 7.6 that 

(8.4) det(J) = (-I^tojv- 

A further calculation shows that the usual matrix multiplication, C 9 / i— > Jl, 
induces an isomorphism of abelian groups Ak = Ak+i for each fc; so, in proving 
cyclicity, it is enough to deal with k = where the assertion amounts to the 

Claim 8.2. There is an isomorphism 

(8.5) Z N /JZ N — » 1 mN 
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given by 



(8.6) 



M 
o 





w 

7 W 



+ JZ 



i + m^Z, 



i e 



Proof of Claim. Since 1r / JZ" has order m,N it is enough to show that the lattice 



element Vi :- 



= ieN is in JZ N if and only if the number i is divisible bymjv. 



Hence, we must show that, if i g Z, then the equation Vi = Jk is solvable in Z N if 
and only if mjv|i- But fc = J -1 (uj) = zJ -1 (ej\r) is a solution in R N : in fact, the 
explicit formula is given by (4.30) or (5.49) as follows: 



(8.7) 



ki = , 

m N 

k 2 = —m\- 
k 3 = -m 2 



i 

m N '' 
i 

m N '' 



□ 
□ 



k N = -mjv-i ■ 

m N 

This proves that k g Z N if and only if m^li as claimed. 
As mentioned, the claim proves Proposition 8.1. 
This can be used to give a unique representation of elements jeG. 

Corollary 8.3. Let G be the inductive limit group formed from (8.1). 

(i) In terms of the elements Vi = iejf, i = 1, . . . , mjv, introduced in the proof 
of Claim 8.2, the following unique representation for points g in G is 
valid: 



(8.8) 



g = 1 + J Vi + ^ 2 «» 2 "I 

where I g £ 7 ii, «2, • • • g {0, 1, ... , — 1}, and i/ie sum finite. 

(ii) TTie Z N -coordinates of g in (8.8) are elements of Z . 

(iii) 7/5 is represented as in (8.8) and Z = (Zi, . . . , Zjv) g Z w , and ZZie irace r 
is given by the Frobenius eigenvector a in (7.8) as in (5.20), then 

N 

(8.9) r(g)^J2 l ^ 1 +J2^ aN+k ~ 1 - 

3 = 1 



k>l 



Proof. Follows directly from Proposition 8.1, Lemma 7.1, and Lemma 7.2. See in 
particular (8.7) and (5.3)-(5.6). □ 
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Remark 8.4. Note that the right-hand side of (8.9) is related to the /3-expansion 
(a = 1/(3, or [3 = A) of the number t (g) ([71] or [45]). But the expansion here is 
finite. 

Corollary 8.5. If G is described in the polynomial representation (5.35) as 

(8.10) G = Ti[x] /pl (x) Z [x] , 
where 

N 

(8.11) PL (x) = J2mjX j -1, 

3 = 1 

then the element g in (8.8) is given in this representation by the polynomial 

N 

(8.12) p(x) =J2hx j ~ 1 + J2 ikxN+k ~ 1 - 

j=i fc>i 

This representation is unique within the constraint < ik < mjy — 1. 

Proof. Immediate from (5.35)-(5.38) and Corollary 8.3. □ 



We will consider an analogue of Corollary 8.3 for ker(r) later, in (8.16) and 
Corollary 8.8. 

Remark 8.6. If q (x) is some representative polynomial in Z [x] for g e G = 
Z [x] / (pl (%)), one may obtain p(x) as follows: Let nx M be the leading term 
in q(x). If M < N — 1, there is nothing to do. If M > N, add an integer 
multiple of pl (x) x M ~ N to q (x) such that the leading coefficient is contained in 
{0, 1, . . . , win — 1}. Then do the same thing for the second leading term in the new 
polynomial, etc. We are soon going to adapt this procedure to the case where Z is 
replaced by Z p = Z/pZ. 

So far we have mainly considered ordered groups in this chapter and Chapter 
7. The order is not essential for most of the results, however. Let us first consider 
Theorem 7.5. 

Let J be a nonsingular N x N matrix over Z, and set ind (J) := U n >o J~ n 7L N ■ 
We identify it concretely as a subgroup of Q N (actually of Z [1/ |det J|] ), by the 
natural inclusion mapping 

ind (J) <^-» Q N . 

Corollary 8.7. Let J be a nonsingular N x N matrix over Z, and suppose that 
there is some D such that J has the triangular representation 



(8.13) 



Jo 


V N 


\ N-D 





D / 


1 D 


N—D 


D 
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where the entry block matrices are also over Z, and £/ieir sizes are as indicated. 
Then there is a natural short exact sequence in the category of abelian groups 

— ► ind(Jo) — > ind(J) — > ind(J D ) — ► 

— ► Q^- 15 — > Q w — > Q D — > 

UJ 

' u 1 



UJ 
u 



II 

\iN—D 



where the morphisms in the first row are restrictions of those in the second one, as 
follows: If he Z N -°, and I G ZP , then 



(Jo n k) = J- (o) 



and 



7T J"" 



j-ni 



Proof. The details arc contained in the last part of the proof of Theorem 7.8. □ 
We now specialize to the case where J has a form similar to (5.47), 



(8.14) 



Jo 



92 



1 
1 



9M-2 

Qm-i 
V q M 



(A 



1 
1 
0/ 



but now we merely assume that q\ , . . . , «m are (not necessarily positive) integers 
and that Jo is nonsingular, i.e., qu ^ 0. Again one verifies that qu times the 
characteristic polynomial of Jg -1 is 

M 

(8.15) Po (x) = J2 

3 = 1 

and one verifies as in (5.35)-(5.38) that Go = hid Jo identifies with the additive 
group 

(8.16) G ^Z[x}/(p (x)) 

in such a way that application of J^ 1 corresponds to multiplication by x. 

Corollary 8.8. Adopt the notation and assumptions in the preceding paragraph, 
in particular 



(8.17) 



Go = ind (Jo) = Q J -"2 



■M 



n=0 



Then the results (i), (ii) in Corollary 8.3 and (8.12) in Corollary 8.5 remain valid, 
i.e.: 
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(i) In terms of the elements Vi = icm, i = 1, • • • , Qm, the following unique 
representations of elements g of Go are valid: 

(8.18) g = l + J - 1 v n +J Q T 2 v t2 +--- 

where I G Z M , ii, i 2 , ■ . ■ G {0, 1, . . . , qu — 1}, and the sum is finite. 

(ii) The polynomial representative of g in (8.18) is 

M 

(8.19) 1 ■ ''• 

j=i fe>i 

and this form of the representative (i.e., with < ik < qtd) is unique. 
Proof. As the proofs of Corollary 8.3 and Corollary 8.5. □ 

In the following we will consider derived groups of the form Go ®z G where G is 
an abelian group. Recall from [20] that Go<S>zG is the free abelian group generated 
by g® C, with g G Go, c G C, modulo the relations (gi + g 2 ) ® C = g\ <g> C + g 2 ® G, 
<7<S> (Gi + G2) = g®C\ + g®C 2 . (This and all the other remarks also apply to G as 
an unordered abelian group with the obvious modifications.) We will be interested 
in the case G = Z„, where n € {2,3,...}. 

Since Go = Z [a;] /po (#) Z [x] we have a short exact sequence 

(8.20) — > Po (x) Z [x] — > Z [x] — > Go — > 0. 

But by [20, Proposition II. 4. 5] the functor ■ ®z G is right exact for any abelian 
group G, so in particular, 

(8.21) po (x) Z [x] %Z n ^Z [x] ®Z n = Z n [x] ^G o ® z Z n ^0 

is exact for n = 2, 3, 4, ... . Thus Go®zZ n is isomorphic to Z„ [x] modulo the image 
of po (x) Z [x] Oz^n in Z„ [x] , and this image is easily seen to be p^ (x) Z„ [x] , where 
p n ^ (x) is the polynomial po (x) with the coefficients reduced modulo n. (This is 
because the map m — > m mod n is a ring morphism Z — > Z n .) Thus 

(8.22) G ®% Z n = Z n [x] / (p[ n) (x) Z„ [x] 



Corollary 8.9. Adopt the notation and assumptions in Corollary 8.8, and let n G 
{2,3,...}. Let 

(8.23) div = gcd{n,g M }, 

where qu is the leading coefficient in po (x) (see (8.15)). Then any 

(8.24) g G G ® Z„ = Z„ [x] /p n) (x) Z„ [x] 
/ias a unique polynomial representative of the form 

M 

(8.25) J2 l ^ xj ~ 1+ J2 ikxM+k ~ 1 ' 

j=l k>l 

where < lj < n, < ik < div = gcd {n, qn}, and the right-hand sum is finite. In 
particular, if gcd {n, qu} = 1, then 

(8.26) G ®Z„=Zf. 
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Proof. If ? (a;) is a polynomial in Z„ [a;]/(p "' 1 (a;)), we may assume that all the 
coefficients of q arc in {0, 1, . . . , n — 1} by reducing modulo n. Let mx N be the 
leading term in q (x). If TV < M — 1, there is nothing to do. If TV > M add an 
integer multiple of p (#) x N ~ M to g (a;) mod n such that the leading coefficient 
is contained in {0, 1, ... , gcd (n, Qm) — !}• Then do the same thing for the second 
leading term in the new polynomial, etc. It is clear that this procedure determines 
the coefficients ik uniquely. 

In the special case that gcd (n, <7m) = 1, the expansion (8.25) reduces to 

M 

and hence 

Go ® Z„ = 

in that case. □ 

Remark 8.10. We will see later, in Chapter 16, that Corollary 8.9 gives an efficient 
method of distinguishing cases which are not distinguished by the invariants in 
Chapters 6 and 7. 



CHAPTER 9 



Associated structure of the groups Kq (Six) and 

kerr 



In this chapter we will study associated structure of the groups Kq (21l) and 
kerr which is related to the action of J, to the cmbcddings Z N C Ko (21l) and 
jN-d g k erTj an d t invariant subgroup structure of J. It is not clear that these 
additional structures define invariants per se, but we will see in Chapter 16 that they 
can be used to establish a quite effective machine to determine non-isomorphism 
when the basic invariants from Chapter 7 are the same. 

Remark 9.1. Let J be a nonsingular matrix with nonnegative integer entries, and 
suppose, for some k £ N, that J k has only positive entries. We saw near (5.1)-(5.6) 
that then Gj may be obtained as the inductive limit 



(9.1) 



Z 



N 



J~ l Z N 



J~ 2 Z N 



and N is the rank of Gj. Moreover, (9.1) defines an embedding of Z N as a subgroup 
of Gj, and we can consider the quotient group F ( J) := Gj/Z N . (It is not clear 
that the group F (J) is an isomorphism invariant.) Using Theorem 7.5 we can 
similarly show that ker (r) has an analogous representation. Its rank is M = N—D, 
and it is obtained as an inductive limit 



7 M 



-\rjjM 



j - 2 z M 



(9.2) 

where J is the upper left-hand submatrix of (7.15): 



(9.3) 



Jo 



Qi 








Q t £ Z, Q M + 0. 



Qm-i 1 

V Q M • • • 0/ 

The number mjv cannot be derived from the groups F (L) := Gl/Z n and F T (L) := 
ker (t) /Z m by the example below, where N, resp. M, is still the rank of Gl, resp. 
ker (t). 

Three important properties we establish in Lemma 9.2 below, which relate m^r 
and the group F (J), are the following (see details below): 

(i) F (J) has elements of minimal order m^v; 

(ii) every element of F ( J) has a finite order which is a divisor of a power of 
mjv; and 

(iii) m N F(J)=F(J). 
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Lemma 9.2. Let the (Li) i=1 system be as in Theorem 4.2. Let J oe the inci- 
dence matrix (7.2), and assume |det J| = tun > 1. Consider the group F (L) = 
Ko where we use the concrete realization (5.6) or (9.1) of Ko 

Lei ei, . . . , ejv oe i/ie standard basis for Z N , and define 

(9.4) ffi = J-^at 
/or i = 1, 2, 3, . . . , and 

(9.5) g-i = e N ^ 

for i = 0, 1,. . . ,N — 1. TTien ifte elements gt generate K (21) as an abelian group, 
and satisfy the relations 

(9.6) m N g N+l = g { - m\g i+ \ mjv-iffjv+i-i 

for i = — (N — 1), — (N — 1) + 1, Moreover, K (21) can fee characterized as a 

group as the abelian group generated by elements g-N+i, g-N+2, ■ ■ ■ satisfying these 
relations, and the order in Ko (21) is given by 

(9.7) > ^ c;A-* > 0, 

i>l-N i>l-N 

where the sums are finite and A is the Perron-Frobenius eigenvalue of J. 
Correspondingly, if we put 

(9.8) Xi=gi mod Z^, 
the Xi satisfy the relations 

(9.9) x l = 
for i = 1 - N, 2 - N, . . . , and 

(9.10) m N x N+i =Xi- mix i+ i m N - 1 x N+i - 1 

for i = 1 — N, 2 — N, ... , and F (L) can 6e characterized as the abelian group 
generated by these relations. 

Proof. Let = J~ % eN € G (L), £j = ^ mod Z^, and m = mjv- Then 

mgi = ei - mie 2 Tn^y— ic^v, 

m 92 — J~ 1 e\ — miJ~ 1 e 2 — • • • — rriN-iJ~ 1 eN 
= e 2 - mie 3 m N - 2 e N - mjv-ipi, 

and 

™ff3 = e 3 -m 1 e 4 m N - 2 g 1 ~ m N ^ 1 g 2 , 



mg N+i = gi - m x g r+1 m N -\g N+i -\, 
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and in F (L) = G(L)/Z N : 

mx\ = 0, 

mx2 = —rriN-iXi, 

mx 3 = —m,N-2Xi — m,N-iX2, 

mxN — —m\X\ — ■ ■ ■ — itin-iXn-i, 



mxN+i = Xi — mix l+ i - ■ ■ ■ - rriN-iXN+i-i- 

This proves the relations (9.6), (9.9) and (9.10). To prove that the relations 
(9.6) actually characterize Kq (21l) we use the polynomial representation (5.35)- 
(5.38). There K n (21l) is characterized as the additive group Z [a;] modulo the linear 
combinations of the elements 

x n p L {x) 

for n = 0, 1, 2, where pl (x) is given by (5.48) as 

N 

PL (x) = X m J x j - 1. 

Thus Kq (21l) is characterized as the abelian group generated by elements 1, x, x 2 , . . . 
with the relations 

m N x N+t = x l - mi x l+1 m N ^ 1 x N+l - 1 

for i = 0, 1, 2, . . . . But then the abelian group defined by the relations (9.6) above 
is isomorphic to this polynomial group through the map 

9, — x^ 

for i = 1 — N, 2 — N, This proves that the abelian group defined by (9.6) is 

isomorphic to K (21l), and furthermore, an isomorphism between the groups is 
given by 

i>l-N i>l-N 

Using (5.36), we thus see that (9.7) is valid. 

Since Z N C K (21) identifies with the free abelian group generated by 
gi-N 7 g2-N, ■ ■ ■ ,go m the above picture, the remaining statement about F (L) is 
immediate. □ 

Remark 9.3. For the example J = o l^, the relations for the Xi take the form 

4xi = 0, 
4x 2 = 0, 
4x 3 = -xi, 
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This example has Perron-Frobenius eigenvalue A = 2. Thus we see that the group 
F (L) for this example is isomorphic to (Z [i] /Z) by the isomorphism 

*i-»Q,0 

X2 — (0, J 

1 I 

1 1 

43' 42 



X4 



x 5 



X6 -^(-f'i)' etc - 

We will later, in Proposition 11.25 and Remark 11.23, use these relations to prove 
the useful scaling property 

{.ge if (2lj) I 4\ 9 eZ 3 } = j-^i? 

for z = 1,2,...; see, e.g., Corollary 11.22 for the use of the scaling. We know from 
(5.31) that Kq (21,/) is an extension of Z [5] by kerr, and we will show in Example 
18.1 by using relations analogous to the above for kerr that kerr is an extension 
of Z [J] by Z. 

For the example J = (4,0), A = 2 - (l + y/2j , we have N = 2. Here order (xi) = 
order (#2) = 4, while 

{4x 2 i+i = X 2 i-1 
4x 2 i + 2 = 3x 2i _i + x 2i 

for ieN; that is, the transition matrix in this example is ( 3 ? )- It follows from 
Proposition 11.25 and Remark 11.23 that also this example has the scaling property 



in Theorem 7.8 and Corollary 7.10 may be summarized by the fac- 



( Jo 


Q 


\ 


Jr 


torization 


(9.11) 





det (tl n — J) = det (tl N - D - J ) dct {tt d — Jr) ■ 

Since all three matrices J, Jo, and Jr have the form (7.2), the coefficients in the 
respective characteristic polynomials are just the numbers from the first columns 
in the three matrices. It is also clear from Theorem 7.5 that the Perron-Frobenius 
eigenvalue A is in the spectrum of Jr, and so the points o in the spectrum of J 
satisfy |<j| < A. 

Corollary 9.5. Let (J,C), C = Z N , be as described in Proposition 7.7. Then there 
is a finite decomposition series of lattices C\, £2, ■ ■ ■ , £p such that 

(i) the characteristic polynomial of J\c p is irreducible; 

(ii) N > rank£i > rank£ 2 > ■ ■ ■ > rank£ p (if more than one term) with 
each d invariant under J; 
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(iii) when the corresponding inductive limit groups Gi are formed from each 
Li, they satisfy G p ^> . . . ^> G 2 ^> G\ ^> K (21l) and G\ = kcr (r). 
The step from Ci to Ci+i is that of Theorems 7.5 and 7.8. The first col- 
umn in Ji — J\d defines an element ofL\x] by (7.5). If this polynomial 
is irreducible, then the algorithm stops. If not, it has a real root a,, and 
we use the corresponding minimal polynomial p ai (t) £ 7L [t] in passing to 
the next step i + 1 of the algorithm as done above in the proof of Theo- 
rems 7.5 and 7.8. The corresponding absolute determinants |det Ji\ and 
polynomials Pi (t) form successions of divisors. 

Proof. The proof is similar to the proof of Proposition 7.7. We use the fact that if 

represents a step in the algorithm, and if pj (t),pj (t) and pj R (t) 



Jo 


Q ' 





Jr 



Ji 










are the corresponding characteristic polynomials, then pj (t) = p,j (t) ■ pj R (t). 
As described in (iii), the argument is by recursion: Suppose 

J 

is a triangular representation as in Corollary 8.7. Then formula (9.11) yields divis- 
ibility for the respective characteristic polynomials 

(9.12) chj (t) = ch j, (t) ch Kl (t) . 

If this first reduction decreases the rank, then (9.12) shows that chj (t) could not 
be irreducible. At the first step in the reduction, Theorem 7.8 and Corollary 7.10 
show that the Perron-Frobenius eigenvalue A is a root of ch/^ (t). We must show 
that, if chj x (i) factors nontrivially, i.e., chj x (t) = q(t)p(t), with q(t) ,p(t) € Z[t], 
and say p (t) irreducible, then the process may continue. Since the matrices J\ and 
Ki have the same form as J at the outset, we would get 

(9.13) Ji 

again with the properties from the proof of Theorem 7.8 and Corollary 8.7. Let 
/(f) = chj 1 (t). Then J\ may be represented, via (7.11), as multiplication by t 
on Z [t] / (/ (t)). Let W denote the following induced linear mapping (quotient by 
ideals): 

Z[t]/(g(t))^Z [*]/(/(*)), 
W {h (t) + q) :=p (t) h (t) + (/), for h (t) € Z [t]. It is well defined and injective due 
to the assumptions made on / (t). Since J\ is represented as multiplication by t in 
Z [t] / (/ (t)), the range of W is then a nontrivial invariant subspace (over Z) for 
Ji, and we arrive at the triangular form (9.13). The argument from the proof of 
Theorem 7.8 shows that the entries of (9.13) must have the same standard form as 
described in the previous step. Hence the process may continue until at some step, 
p say, chj p (f) is irreducible. □ 



J 2 


v 2 





K 2 



CHAPTER 10 



The invariant Ext (r (K (2l L )) , kerr) 



In this chapter and the next we study the set C (A) of matrices J m of the 
form (7.2) such that X N — toiA^ -1 — • • • — mjv_iA — tun = 0. For the case when 
A G Z+, we will show in Theorem 11.10, Corollary 11.12, Corollary 11.13, Theorem 
11.17, Corollary 11.20, and Proposition 11.21 that t (v) can be used to show non- 
isomorphism where r is the normalized trace, and v is the right Perron-Frobenius 
eigenvector, i.e., Jv — Xv, v\ = 1. See (14.5) for the explicit form of v. 

There are examples J, J' such that all the three Prim-invariants agree on J 
and J' while the C*-algebras 21 j and 21 j> are non-isomorphic. Take, for example, 
N = 3, D = 1, A = A' = 2, and 



TO 





and to 









(toI 


- 


;■) 









(For more examples, see also Chapter 16 and Table 1 in Chapter 11.) Then the 
respective triangular forms are 



-1 


1 


\ — 1 







2 







2 



J' = 



-2 


1 


2 







2 








2 



and therefore 

O2 = Q'2 = ^1 = ^'1 = 2 - 
In the next chapters, we identify additional quantities which can be used to distin- 
guish 2lj and 2lj/. If u denotes the right Perron-Frobenius eigenvector, then one of 
these quantities is t (v). The actual non-isomorphism of the two specimens above 
can, however, be established by using (8.26) in Corollary 8.9; see the N = 3 case 
in Chapter 16. 

We mentioned in Chapter 5 that the dimension group D (21l), that is the group 
Kq (21l) with the Ricsz order and the element [1] , is a complete isomorphism 
invariant by the general theory. Objects that can be derived from D(21l), like 
r (K (21l)), kerr, Ext, N = rank (K (2lt,)), and the sets of prime factors of toat, 
Rd, and Qn-d, are secondary invariants. In this chapter and the next we shall 
treat the invariant in Ext (r (Kq (21l)) , ker r) defined by Kq (21l)- 

Aside from the two groups ker (r) and r (Jfo (21l)) themselves, £) (21l) deter- 
mines the intrinsic exact sequence: 



0. 



(10.1) — ► ker (t) 1 — > G — — > t (G) 

where we use the shorthand notation G = Gl := Kq (21l). Hence the complete 
invariant D (21l) for isomorphism of the AF-C*-algebras 21l includes (10.1), char- 
acterized as an element of Ext (r (G) , ker (r)). We shall need a few facts from 
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homology about the Ext-groups, and we refer to [64] for background material: if A 
and C are abelian groups, an element of Ext (C, A) is an equivalence class of short 
exact sequences of abelian groups 

(10.2) — >A^E^C — >0. 

It is conventional to use the same letter E also to denote this exact sequence and 
E or [E] to denote the equivalence class. Two elements E and E' are said to be 
equivalent in Ext (C, A) if there is an isomorphism 9 : E — > E' of abelian groups 
such that 

E 

L 

/ 

(10.3) — > A e 

i' 

E' 

commutes, or more globally if 

— > A — > E 

(10.4) a I 9 I 
— > A' — ► E' 

commutes, where a, 7 are isomorphisms of abelian groups. Note if we have € 
Hom(_E, E'), and if a and 7 are isomorphisms, then will be an isomorphism by 
the Short Five Lemma; see [64]. With a standard addition E + E', Ext (C, A) itself 
acquires the structure of an abelian group. E" = E + E' is defined by 

E" = {(x, y) G E © E' I t (x) = t> (y)} / {(1 (a) , -1' (a)) \ a E A} 

with 

i":A-»B":o^»[(t(o),0)] 

and 

t":E"^C: [( x ,y)]^ T (x). 

(In these considerations, r, r', and r" are only viewed as maps of abelian semi- 
groups.) This makes Ext (C, A) into an abelian semigroup, with identity element 
the trivial extension 

E = A®C, 

to : A > E : a > (a, 0) , 

t : E ^C: (a,b) — » 6. 

Any element has an inverse given by 




and this makes Ext (C, ^4) into an abelian group. 

We say that (10.2) splits if there is a ip € Horn (C,E) such that r o ip = id. 
This is equivalent to 

E = A © C (direct sum of abelian groups), 




C 

I 7 

a 
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with trivial maps i, r, and then the corresponding _B is the zero element of the 
abelian group Ext (C, A). Note that Ext(Z 2 ,Z) = Z 2 . The corresponding two 
group elements, 0, resp., 1, are (the equivalence classes of) (10.5) and (10.6): 







2Z ■ 



(21) @ Z 2 ^ Z 2 







(10.5) 
and 

(10.6) — > 2Z < — > Z ^4' Z 2 — ► 0, 
where the second, (10.6), is non-split. More generally, 

(10.7) Ext (Z m ,A) ^ i/m^; 

see [64]. A refinement of (10.7), also due to Mac Lane et al., is the characterization 
of 



(10.8) 



Ext (Z [i] ,ll 



as a solenoid, depending on k, I £ N, k > 1. In particular, (10.8) is overcountablc. 
The description of our 2lt,'s associated with |det Jl| = fc in the special case that 
ker (t) = Z , must be given in terms of (10.8). 
In the general case, we have Jl of the form 



(10.9) 



Jl = 



mi 
m 2 
m 3 







o^ 




1 

0/ 



where — (— 1) W 1 det J^, and the characteristic polynomial pl (A) is 

(10.10) p L (A) = det (A - J L ) = \ N - miA^ 1 m^A - mjv. 

Here TV is the rank of Gl- Then Z N is embedded in Gl, and we can introduce the 
quotient group Gl/1 n ■ Using this, we show that Gl/1 n is a specific extension 
of the inductive limit group C mN defined by 



1 mN ) 7 



Let r be the normalized trace on Gl. Then there is a short exact sequence 

— ker (r) -^G l ^t (G l ) — 0. 

We further show that, if M is the rank of ker (r), then ker (r) /Z M is an extension 
of a second inductive limit group Ck formed from finite cyclic groups: 



ZA. rjj ft, ryy ft, 
fe * ^k 2 * ^k s * 1 " " j 

where fc divides mjv. It will follow in particular from the construction that every 
element of Gl/1 N has a (finite) order which divides a power of tun] and, similarly, 
that every element of ker (r) /Z M has an order which is a divisor of k l for some i 
(depending on the element). 
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Note that, as a consequence of (10.10), the vector (mi, . . . , mjv) is a similarity 
invariant for Jl, i.e., two nonsingular matrices Jl and Jl> of the form (10.9) are 
similar if and only if they are equal. But similarity of two Jl 's is a condition which 
a priori is much more restrictive than isomorphism of the corresponding pair of C*- 
algebras, 2l L and 2l L /. In [13] this is discussed in detail, and we show for example 
that the matrices we discussed in (7.21), 

(10.11) J^( 3 4 2 J) and ^,= (6 I 

define isomorphic C*-algebras. (See Figure 15, below.) Other examples are in 
Example 5.3, in (6.22), in Chapters 13 and 16, and in [13]. 

Let L be such that t(Gl) = Z [i] for some k. Then 21l corresponds to a 
nonzero element of Ext (Z [^1 , ker (r)) , if and only if 

(10.12) O^kcr(r) G L Z [£] — ► 

is non-split. Let Jl be given as usual (see (10.9)), and let Gl be the inductive limit 
from 

(10.13) z N c j- 1 (z w ) c j- 2 (z N ) c . . . . 

For the pair (10.11) we show in [13], or, more generically, in Proposition 13.3, 
that (10.12) is the following exact sequence: 

(10.14) 0^Z[1] M ' rfo) ) Z[l]xZ[I] r=( ' l(1 ' 1/8)> ) Z[i] ^0. 

This is the zero element of Ext (Z [§] ,Z [§]): an injection V : Z [|] -» Z [±] xZ [§] 
may be defined by 

(10.15) $ (v) := (l<u,uj , ueZ[|]. 

Then clearly r (V> («)) = u, so ip defines a section, and (10.14) splits. 

The inductive limit Gl from (10.13), and t(Gl) — Z [|] , fc > 1, in general 
define a nontrivial element of Ext, i.e., (10.12) is non-split in general. It is split 
if and only if there is an element g € Gl such that (k~ l ) j e Gl, Vi e N, and 

r(g) = i. 
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16 

(10.11). These diagrams represent isomorphic algebras. 



CHAPTER 11 



Scaling and non- isomorphism 



In this chapter we introduce a number r (v), and prove in Theorem 11.10 and 
Corollary 11.22 that it can be used to establish non-isomorphism for classes of 
algebras where the basic invariants in Theorem 7.8 are the same.. 

Let AeR + , and let 

C (A) = {J | J is of the form (11.2) with Perron-Frobenius eigenvalue A}. 

In particular, the standard matrix J m is in C (A) if and only if 

(11.1) \ N - toiA^ 1 - m 2 \ N - 2 mjv-iA - m N = 0. 

The admissible numbers A must therefore be algebraic. These algebraic integers 
A may be specified further; see, e.g., [51], [79], and [71] for more details on this 
point. 

We are not restricting the size N x N oi the matrices J in £ (A). 

Our main result, Theorem 11.10, in this chapter, is that r (v) — (a\v), intro- 
duced in (11.3)-(11.4), can be used to show non-isomorphism of a class of cases in 
£(A) when A e Z+, A > 1. 

We consider matrices J = J m = Jl having the form 



(11.2) 



mi 
m 3 



1 
1 




Tfi TV— i 
V m N 



o\ 




1 

0/ 



with rrii G Z, nn > 0, tun > 0, and satisfying the further requirement that for 
some k e N, J k has only positive entries (equivalently, gcd{i | m; ^ 0} = 1). Non- 
unimodularity means mjv > 1- 

Recall from (5.17) that the vector a = a\ = (l, A -1 , . . . , A - ^ -1 )) satisfies 



(11.3) 



aJ = \a, 



and also there is a unique v € Z [X] N such that 
(11.4) Jv = Xv and v\ 



1. 



An explicit expression for v is given in (14.5). When J is given, let 2lj be the 
corresponding AF-algebra. 
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Table 1. Parameters for Examples A and B in (11.5)-(11.6). 
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A m N R D kcr(r) F = K /I? (a\v) 
Example A: 2 2 2 Z 2 Z [±] /Z f 
Example B: 4 4 4 Z 2 Z [§] /Z § 




For both these examples, the basic invariants in Chapter 7 have the values 
N = 3, D = 1, Prim (to w ) = {2}, Prim(i? D ) = {2}, Prim^-i}) = 0. These 
invariants do not directly separate the isomorphism classes of the examples. How- 
ever, since one Perron-Frobenius eigenvalue is a power of the other, we will show 
that t (v) can be used to check non-isomorphism of the two AF-algebras 21^ and 
21b. This is shown for this specific example in Observation 11.2, and more generally 
in Theorem 11.10. 

It is easy to check that both examples have ker (r) = Z 2 , and r (K ) = Z [i] . 
Strictly speaking, t (Kq) is Z [|] for Example A, and Z [|] for Example B; but 
Z [|] = Z [|] with the natural isomorphism specified by 
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Hence, both of the examples are characterized as elements of Ext (Z [^] , Z 2 ), in 
the usual manner. Let Ga and Gb be the respective i^o-groups. The rank of each 
group is clearly N = 3. 

The next Observation illustrates the previous remarks about ttin- Let Fa ■= 
G^/Z 3 , and similarly for Fb- 

Observation 11.1. G^/Z 3 ~ G B /Z 3 ^ Z [§] /Z. 
Proof. The respective quotient groups have the following generators: 

F A \Xi = Jj'e 3 mod Z 3 

and 

F B - Vi = J B 'e 3 mod Z 3 , 

and a use of Lemma 9.2 yields: 

(a) 2x i = 0, 2x i+ i = J;, i € M, and 

(b) 4yi = 0, 4y l+ i = y h i e N. 

Hence G A /Z 3 S Z [§] /Z, and G B /Z 3 = Z [I] /Z = Z [±] /Z. □ 

The crucial property derived from (a)-(b) above is not really Observation 11.1, 
but that scaling by a power of 2 (in Example A) and 4 (in B) determines a filtration 
of Ga — Un>o ^a™^ 3 • Specifically, let 7r^: Ga — > -Fa = G^/Z 3 be the quotient 
mapping. If elements of Fa are represented as (ii,i2, ■ • ■ , in-i, 1), «j € Z2, we write 

g n = x + iiJ A 1 e 3 + iiJ~^ e $ + ■ • • 

+ in-i JX n ~ le 3 + 1 ' J A ne 3 for X G Z 3 , e {0, 1} . 
Recall from Corollary 8.3 that this representation is unique. Then 

{gn) = (*i,*2, • • • 1) . ffn € G„ (A) = J/ l Z 3 , 

and we note that 

7TA (2ff„) = (4,^3, • ■ • ,4-1) !) = ""A (^Affn) • 

V v ' 

n— 1 places 

A similar remark applies to Fb = Gb/%* 3 , but there the scaling is by a power of 
4. We have proved the following: 

An element g of Ga is in G n (A) if and only if 2 n g e Z 3 . 

Similarly, when g e G B , then g e G„ (5) = J B "Z 3 if and only if 4 n g e Z 3 . We 
shall need this in the proof of Observation 11.2 below. (See Figure 16.) 

In summary, both examples have N = 3, D = 1, and r (K (21)) = Z [5] , and 
the other data are as in Table 1 (above). 

The proof of non-isomorphism for A and B uses the fact that (a a \ va) and 
(as \vb) have different prime factors than 2 for their numerators. 

Observation 11.2. Examples A and B correspond to non-isomorphic AF-algebras 
% A and % B - 
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The argument proves that there is not even a nontrivial homomorphism 6 : Gb 
Ga which makes the diagrams in (11.7) and Figure 16 (below) commutative. 

The nonexistent isomorphism 9: Gb — > Ga- 
— > kcr(r B ) ^ G B ^ t b (G b ) — 



(11.7) 



Z 



— ker(r A ) G A ^> (G A ) — > 



Proof. It is enough to show that Ga and G_b represent different elements of 
Ext (Z [i] ,Z 2 ). This can be done by recursion, and use of the relations (a)-(b). 
Alternatively, it can be checked directly by the argument from the proof of Theorem 
11.10 below that the two Ext-elements Ga and Gb are different in Ext (Z [|] , Z 2 ) . 
Both arguments are essentially based on the (a | w)-number, even though A^ ^ As- 
In the present case, X A = 4 = X B , which is good enough. The present argument is 
essentially a "baby" version of the argument in the rest of this chapter. 

We sketch the details. It is a proof by contradiction. Suppose 6 were an 
isomorphism of the ordered Xo-groups, say 8: Gb — ► Ga, which made them the 
same element of Ext (Z [±] ,Z 2 ). Since Ga = U n >o ^4™<^ 3 ' there is a A: such that 
9 (Z 3 ) C J- k Z 3 . We then claim that Q {J B n l?) C J7 (fe+2,l) Z 3 for all n. The 
argument for this is based on properties (a)-(b) for the generators: Let x G Z 3 . To 
verify that 6 (J B n x) G J7 fc ~ 2 "Z 3 , we must check that 2 2n+k 6 (J B n x) G Z 3 . This 
holds since 2 2n+k 9 ( J B n x) = 2 k 9 (A n J B n x) G 2 k d (Z 3 ) C 2 fc J7 fe Z 3 C Z 3 . Hence 
2 2 "+ fe 6» (J B n a;) G Z 3 , and therefore (9 (J^z) G J~ (fe+2n) Z 3 as claimed. 

These maps may be represented with matrices tp n G M 3 (Z) as follows: 

(J B "a;) = J^ k+2n) ^n {x), x G Z 3 , n - 0, 1, 2, ... , 
with the consistency conditions 

Thus = J^lz 3 ' and = J^^Jr 1 ^ ( see Figure 16). This defines the 
sequence ipn as a sequence of linear endomorphisms of Z 3 , and so each ip n is rep- 
resented by a matrix in M 3 (Z). That turns out to be very restrictive. It is not 
satisfied for ipo = h- In fact, even J\J^ has a non- integral entry. (The matri- 
ces ip n play the role of the intertwiners A n in the diagram (5.50), with A\ = ipo, 
A-2 = ipi, etc., but in the reasoning here positivity does not play a role.) 

Let va = &ndv B = (|) be the normalized Perron-Frobcnius eigenvectors: 
Java = ^v A , Jb^b = 4u B - 

Hence 

(V B ) = Ja^W^B = 4-"Jl"V0 (V B ) — - V A 

by the Perron-Frobenius theorem. But 

ta (^ov B ) = 2 k r B (v B ) 
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Gn 

n = 




(A) 


n = l 1 






n = 2 






n = 6 






n = 4 


\\ \ 






n = 5 ' 


\ \ ^ \ 






n = 6 


\\ \(? \ 






n = 7 






jk+2 


n = 8 


\ \ \ 






n = 9 


\0 \ ^ 






n = 10 








n = 11 






n = 12 






n = 13 






n = 14 













Figure 16. The (nonexistent) matrices ip n in the proof of Obser- 
vation 11.2 (example with k = 3). 

since 9 preserves the normalized trace; see (11.7). 

Hence, by taking n large, ip n (vb) (€ Z 3 ) will be arbitrarily close to 2 fc ^|^j tu = 

2 k ^1 ^2 ^ , where we used the numbers from the last column in Table 1. If {Q^^ 

denote the matrix entries of ip n , then e Z, and ip n (vB) 1 = Q$ + AQ^ + Q13 ■ 

But they are integers, so there is an n e N such that Z 9 ~ip n (vb) 1 = ^jf- for all 
n > riQ. Since 3 does not divide 11, this is a contradiction. We have proved that 
the Ext-clcmcnts arc different as claimed. □ 
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Remark 11.3. We will get back to the idea of defining 8 by a matrix in GL (N, M.) 
in a more systematic way later, in Proposition 11.7. 

Let J be a matrix specified as in (11.2) and let G = Gj be the corresponding 
inductive limit group (see Chapter 5). Recall = |det J|. Setting Gi :— J~ l % N , 
we shall use the homomorphisms, g i— » rn k N g, in localizing the scaling Gi, i — 
1,2,.... It is immediate from the proof of Claim 8.2 that m^J^ 1 has integral 
entries, i.e., is in Mjv(Z). Since m l N J~ l = (tojv^ _1 )\ this is also true for the 
iterations. We have proved the following implication: 

(11.8) g eG l =^ g eG and m l N g G Z N . 

It will be useful that a scaled version of the converse also is true. 

Proposition 11.4. Let J be given as specified in (11.2). Then there exists a p G N 
such that the following implication (a) => (b) holds for g G Gj : 

(a) mjqg G 7L N 

(b) g e J- p (Z N ) 

Furthermore, for the same p G N we have the following implications for j€ Gj: 

(c) m^g e Z w 

(d) geJ- lp (Z N ) fori = 1,2,3,.... 

Proof. If mNg G Z w , then g G -^Z N , and hence g has the form 

(h,...,k N ) 

g = h m 

m N 

where fcj G {0, 1, . . . ,mjv — 1} for i = 1, . . . , JV, and m G Z w . But Gj can contain 
at most mjy elements of the form (fci, . . . , fcjv) / TO iv where fcj G {0, 1, . . . , mjv — 1}, 
and since this number is finite and 

Gj = (J J-"Z W 

n 

is an increasing union, it follows that there is a p € N such that all these elements 
are contained in J~ P Z N . But as Z N C J~ p Z w , the implication (a) (b) follows. 

Next, choose p G N such that (a) =>■ (b) holds. We prove by induction with 
respect to i that (c) => (d) holds, i = 1 is (a) => (b), so assume (c) =^> (d) holds for 
z — 1, and assume that g G Gj and 

m l N g = m l N 1 m N g G Z w . 

By the induction hypothesis, we then have 

m^g G J-rt-^Z 11 . 

But applying Jp( j_1 ) to both sides, we have 

m N J p ^geZ N . 

Applying the case i = 1, one obtains 

Jrt'-^se J~ p z w , 

and applying J _ p( j_1 ) to both sides 

g G J~ pi Z w 
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and this proves (c) =>• (d). □ 

Note that the implication (a) => (b) holds if there is a p e N, and an E e 
M N (Z), such that 

(11.9) J p = m N E. 

If (c) (d) holds for all g e Q N , then ,PP (Z N ) C m^Z^ for all i, so (11.9) is 
valid. Thus (11.9) is stronger than (c) =4> (d). 

Definition 11.5. Suppose J is a matrix of the form (11.2). We say that J has 
scaling degree < p, and write deg(J) < p if there exists an n e N such that, for 
.9 G Gj, 

m l N g eZ^ge j-LvJ-«o Z iV_ 

More generally, if to is a positive integer containing exactly the same prime factors 
as toat, we say that J has m-scaling degree < p = p^ and write m-deg( J) < p if 
there exists an n £ N such that, for g e Gj 

Note that as m contains the same prime factors as tojv, J has a finite m-scaling 
degree if and only if it has a finite scaling degree, and the last is true by Proposition 
11.4. 

We note en passant that the above remark implies the following corollary, which 
is true whether the Perron-Frobenius eigenvalue A is rational or not. (But if A is 
rational under the conditions in the corollary, it follows from the characteristic 
equation that Prim(A) C Prim(mAr)). 

Corollary 11.6. Let J be a matrix of the form (11.2), and assume that each m-i 
is either or contains all the prime factors o/tojv- It follows that 

v 1 N 

G = Z 



when G is identified as a subgroup of Q N by (5.6). 

Proof. Since J- 1 = -^-E where E is a matrix with integer coefficients, it is clear 
from (5.6) that 



JV 

Gc 



But it follows from (11.9) that 

— Z N C j-p n z N C G 

TO™ 

for n = 1,2, ... , and hence the converse inclusion is valid. □ 

It follows from the inductive limit construction for G, i.e., G = Ui>o ^i, Gi C 
Gj + i, that if the implication (c) => (d) holds for some peN, then it also holds for 
p + 1, and so the scaling degree is well defined. 

While the two groups from (10.11), K (2l./ L ) and K (2liy); agree, the relation- 
ship between the corresponding scale of subgroups is more subtle. Using (11.9) we 
can establish the following subgroup inclusions: 

(11.10) (a)G.CG^ and (b) G- C G 3i , 

where 

G k := JV k Z 2 and G' k := J7, k Z 2 . 
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To prove this, let J — Jl and K = J^i. We proved after the statement of 
(11.9) that there is an E e M 2 (Z) such that J 3 = 16E. Since £ M 2 (Z), we 

conclude that 



and so 



Similarly 



J^K' 1 = E ■ (16R- 1 ) £ M 2 (Z) 
K~ x l? C J- 3 Z 2 . 



j3i K -i = E i (i 6 ^-i) e m 2 (Z) 
since each factor is in M 2 (Z). This yields 

K^I? C J" 3 'Z 2 , 

which is the assertion (11.10)(b). The claim (11.10)(a) follows by the same argu- 
ment applied to the factorization K 6 = 32F for some F £ M 2 (Z), and 32 J -1 £ 
M 2 (Z). 

The discussion above leads to the notion of the degree of an isomorphism or 
homomorphism 8 : G — > G' as follows. When talking about isomorphisms and 
homomorphisms, we will henceforth always assume that 0([1]) = [1'], i.e., in the 
concrete representations, 

(ii.il) G = \Jj- n z N = {jG n , g' = (Jj'-"z w = |Jg;, 



9 maps : into I : ) ■ We may assume N = N' in the discussion since TV is an 

isomorphism invariant. But as 8 is an order isomorphism, this means that r' 08 = t 
for the associated normalized traces. Recall from (5.20) that 

(11.12) t / = (1,o / ,o /2 ,...,o /JV - 1 | ) r=(l,a,...,a N - 1 \ 

where a' = 1/X',a = 1/A where A is the Perron-Frobenius eigenvalue of J', J, 
respectively. 

The following proposition is a globalization of Corollary 5.1. 
Proposition 11.7. A map 

(11.13) 8: G = {Jj- n Z N ^G' = {J.J'- n Z N 

n n 

is an isomorphism between the ordered groups (G,G + ) and (G',G' + ) (mapping [1] 
into [I']) if and only if there exists a matrix A £ GL(N, R) and a sequence (m) in 
N with the following properties: 

1. 8(g) = kg forgeGCR N ; 

2. a' A = a where a = (l,a, . . . ,a N ~ 1 ), etc.; 

3. J' n 'AJ- ! € Afiv(Z) fori = 1,2,...; 
( n - 14 ) 4. J^A-V^ e Mjv(Z) fori = 1,2,...; 
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Furthermore, 9 is a homomorphism from (G, G+) into (G',G' + ) (mapping [1] into 
[!']) if and only if there exists a matrix A e Mjv(K) with the properties (1), (2), 
(3) and (5). In both cases we actually have 

A e M N ( -^r-Z 



Ini 
N 

Proof. Assume first that 9 is given, and define the matrix A by 
/ / 1 \ / \ / \\ 



(11.15) 



A = 



V V o / V J 



V i 77 



If g e G, then g e d = J %r L N for some i, and hence g € m N l Z N , i.e., m^g € 
But then 



7N 



(11.16) TO l w ^(ff) = 0(m5v#) = k{rrj N g) = m l N kg 
and as G has no torsion, 

(11.17) %)=A 5 

which shows (1). But then (2) follows from t' o9 = t. Furthermore, as Gi = J~ l 1 N 
is finitely generated, it follows that 9(d) C G' n . for some rij, i.e., 

(11.18) AJ- l Z N C J-^^Zjv 

which shows (3). The property (4) follows likewise from # -1 (G-) C G mi for some 
mi. Property (5) follows from 

(11.19) 9{[t]) = [!'}. 

Conversely, if A e GL(N 7 R) is given with the properties (2)-(4), one deduces that 
9 defined by (1) has the properties: 

/ o 6 = r, 
0(Gi)CG' ni , 
9 1 (G J ) c G mi , 

em) - m 

so 9 is an order-automorphism from the property (5.34), i.e., 
(11.21) G + = {geG\r(g)>0}U{0}. 

The last statements in Proposition 11.7 are straightforward from |dct(J ,,li )| = 



(11.20) 



m 



N 



□ 



Our next aim is to show that the constants n i} rrii in Proposition 11.7 can be 
chosen such that they increase linearly with i. First, a definition: 

Definition 11.8. Adopt the notation (11.11), and let 9 be a homomorphism from 
G into G'. We say that the degree of 9 < s, and write deg(0) < s, if there exists 
an no € N such that 

(11-22) 0(G l ) C G' no + ysil 

for all ieN. (Here [si\ is the largest integer < si). 
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We next show that any homomorphism 9: G — > G' (mapping [1] into [I']) has 
a finite degree which can be computed in concrete examples. 

Proposition 11.9. Let G = Gj, G' = Gj> and let 9 be a morphism from G into 
G' mapping [1] into [1']. Assume that N = N' , Prim(mTv) = Prim(m^ v ) and let 
m = lcm(mAr, m' N ). Then 

(11.23) deg(9 < m-deg(J'). 

(The last statement means that if m-deg(J') < s, then deg9 < s.) 
Proof. If 

(11.24) 9: \Jj- n Z N — >{Jj'- n Z N 

n n 

is a morphism, there is a k such that 

(11.25) 9(Z N )Cj'- k "Z N = G' ko . 



Then 



(11.26) m ka+l 6(G l ) = [—) m ka 9{m l N Gi) 

K m N J 

c I— Vm* ^) 
rriN J 



\m N J \m' N J 



TUN J \m 



T N ^k 



m \ I m 







N 



^ — — Z 

\m N ) \m' N J 
C Z N . 

Thus, if m-deg( J') < p, then 

(11-27) 9{Gi) C G[ {i+ko)pl+no 

for some no and all i, and hence deg^ < p. □ 
Note now that if 

(11.28) m-dcg(j')<^ 

where p,q e N, then the conclusion in Proposition 11.9 says that there is an n 
such that 

(11.29) j'np+no A j-n q g Mjv ( Z ) 

for n = 1, 2, . . . , where A is the matrix in Proposition 11.7. This implies the main 
result on the Ext-invariant in this chapter, which, together with Remark 11.11, 
is surprisingly effective in establishing non-isomorphism when all the elementary 
invariants in Chapter 7 are the same. 
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Theorem 11.10. Let J, J' be matrices of the form (11.2) with N — N' and 
PrimmAT = Primm^. Assume that the associated Perron- Frobenius eigenvalues 
X, X' are rational (and thus integers), and let m = \cm(mjy,m' N ). Assume there 
exist rational numbers p, q with 

(11.30) m-deg(J') < - 
and such that 

(11.31) X' p = X q . 

Let a' , a, resp. v' , v, be the left, respectively right, Perron-Frobenius eigenvectors 
of J, J' given by (5.17), (14.5), respectively. 

If there exists a unital isomorphism 21 j — > 21 j> , then 

( n -32) TrA^ljr]- 

(a 1 | v 1 ) LA J 

Remark 11.11. A rather effective "workhorse" to show non- isomorphism in cases 
where all the basic invariants in Theorem 7.8 are the same and the Perron-Frobenius 
eigenvalues are integers, is to use Theorem 11.10 together with the fact that m' N - 
deg(J') = 1 if m' N _ 1 is nonzero and m' N , m' N _ 1 are mutually prime. See Proposition 
11.25 and Remark 11.23 below. More generally, m^y-deg(J') = n if m' N _ k = 
mod mjvforfc = l,...,n — 1 and m' N _ n and m' N are mutually prime. 
Note for example that this theorem covers the two matrices: 

Ja 

considered in Observation 11.2. We have = 2, Xb — 4, and since 3 and 15 are 
mutually prime with 2, we have 2deg J a = 1 = 4-dcg Jb- (This also follows from 
Lemma 11.14). Using the computation in Observation 11.2, 

9 13 
(a A | v A ) = (a B | v B ) = — ■ 

Since 1-deg J a = 1, we have 2-deg J a = 2 by Proposition 11.4, and applying The- 
orem 11.10 with m = lcm(2,4) = 4, J' = Ja, J = Jb, P = 2, q = 1, we see that 

(11.32) takes the form 

which is clearly false. Hence, there is no unital morphism 21b —> 21a- Of course, the 
proof of Theorem 11.10 is just a more general version of the proof of Observation 
11.2. 

Proof. By (11.30) in the form (11.29), it follows that there exists an no such that 

(11.33) jlnp+no AJ -n q g Mjy ( Z ) 

for n = 1, 2, . . ., when A is the matrix associated to the homomorphism 

: Gr — ► Gt' 

by Proposition 11.7. We have 

(11.34) J' np+n °AJ- nq v = X- nq J ,np+no Av 





1 






' 


1 




• 





■ 


Jb = 


15 





; 











v 2 





o / 



11. SCALING AND NON-ISOMORPHISM 



101 



Since A n i\' n P = 1 for all n, it follows from Perron-Frobcnius theory that there 
exists a constant c € R such that 

(11.35) lim \- nq J ,np+no Av = cv'. 

n^oo 

But the first component of v' is 1 by (14.5) and 

j/np+ n 0A j- nq g Mjy ( Z ) 

for all n, and since a/Z components of v are integer by (14.5) and A e N, it follows 
that c in an integer. But it follows from (11.35) that 

c{a' | v') = lim \- nq (a' \ J ,np+n °Av) 

n — >-oo 

= lim \-"i\' np+n ° (a' | Av) 

n — *oo 

= A'™ (a | v) 
where we used (11.14)(2). It follows that 

(a | v) c 
(a' | v') ~ A'™ 

so 

We will often apply this theorem in the following special form: 

Corollary 11.12. Lef J, J' be matrices of the form (11.2) wif/i N — N' and 
m N | ^at; awrf same Perron-Frobenius eigenvalue A = A'. Ifdeg(J') < 1 and i/iere 
ezisis a unital morphism 21 j — > 21 j/ , iften 

(11-36) ^eZ[i]=Z[l]. 

Proof. In this case m = to^. □ 
The following even more special corollary will be useful in Chapter 16. 

Corollary 11.13. Let J, J' be matrices of the form (11.2) with N = N' and 
mjv = mN' = A = A'. If there exists a unital morphism 21 j — ► 2lj' ; ifcera 

(11-37) T^T7VeZ[I]. 

(a' | v') LAJ 

Proof. First apply Lemma 11.14 below to deduce mjv-deg J = 1 and m' fc -deg J' = 1. 
But then we may apply Theorem 11.10 with p = q = 1 and to = tojv = m^. □ 

Lemma 11.14. Lef J be a matrix of the form (11.2) with tojv = A. Then 
(11.38) TOjv-deg(J) = dcg(J) = 1. 

Remark 11.15. If A = mjv, it follows that Rd = A = ±tojv and Qn-d = ±1 in 
(7.15), hence |det Jo| = 1 where Jo is given by (9.3) and kerr = Z w_1 by Theorem 
7.8. Conversely, if kerT = 7L N ~ X we must have |det Jo| = 1, hence Rd = ±A = 
±TOat, i.e., A = mpf. 
Conclusion: 

A = totv kerr = Z w_1 . 
The theory for the A = to^v case will be developed in much more detail in Chapter 
17. 
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Proof. If A = mjv, the matrix in (7.15) takes the form (now D = 1): 



(11.39) 



J B — 



Qi 


1 


•• 


• 





Qi 


Q2 





1 • • 


• 





Q2 


Qz 





o '• 


• 







*JV-2 











1 


Qn- 


-1 





•• 


• 





-1 








•• 


• 





m N 



where 



(11.40) 



Qi = mi - A 

Q 2 = m 2 + Ami - A 2 

Q3 = m 3 + Xm 2 + A 2 mi - A 3 



Qn-i — m N -i + \m N - 2 H 1- A w 2 mi - X N 1 

Note in passing that 

/ 



(11.41) 



1 

-Qi 



\ 



V -Qn-i J 



is the right Pcrron-Frobenius eigenvector of J by (14.5). 
Using (7.24) one computes that 



(11.42) 



T B-1 






•• 


• 





-1 


■1 

mjv 


1 











Qi 








1 '• 







Q2 








•• 


• 1 





Qn-3 








• • 


• 


1 


QN-2 








•• 


• 








1 
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Iterating, one computes that 







( 






(11.43) 


jB-k 
J B - 




J-k 

■ J o 


l>N-l\m N ) 






y 





1 



J 



where pf\x) <G Z[x] and the degree of the polynomial p^ is: 

degp ; (fc) = (k-l + 1) VO 
for Z = 1, . . . , N — 1. Using this and the transformation matrix 

(11.44) /5 = (J#)- 1 



l 

miv 







1 

"ijv 



V 



















<^ 


1 


1 


1 


JV-4 


JV-3 


N-2 




m N 














1_ 


i_ 


m jv 
















1_ 

m N 


1 


1 








TTliV 


m 2 N 


<- 3 


<- 2 





J 



and the definition of m^-dcg together with (7.45) one has to show that for any 
l,ieN with I < k and any n e Z w that 



(11.45) 



mkj£-*J5nel5Z" 



j* l - k i%neiZz N . 

(The last equivalence is trivial.) This can be done by brute force, looking at highest 
order terms in We do omit the painful details, however, since the result can 
also be proved by another method described below. □ 

The alternative way of proving Lemma 11.14 is based on: 

Proposition 11.16. Let J be a matrix of the form (11.2) with tun = A = m. 
Use the concrete realization (5.6) or (9.1) of G = Kq(%j), and define F = G/Z, N . 
Then the generators X\, x-i, x% of F defined in Lemma 9.2 satisfy 



(11.46) 



mxi = 
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and 

(11.47) mxi = Xi-i, i = 2,3, .... 
Thus, 

(11.48) F = Z[i]/Z 
the isomorphism being given by 

(11.49) Xl — — 

Proof. From the relations (11.40), it follows that 

(11.50) m 1 =Q 1 +m 

m 2 = -mQi + Q 2 
m 3 = -~mQ 2 + Q.3 

mjv-i = ~mQ N - 2 + Qn-i 
m N = m = —mQ N -i Qn-i = — 1- 
Inserting these relations in the relations (9.10) for Xi in Lemma 9.2 gives 

(11.51) mxi = Xi- N - (Qi + m)xi- N+ i 

- (-mQi + Q 2 )xi-N+2 

- (-mQ 2 + Q 3 )xi- N+3 

- {-mQ N - 2 + Q N -i)xi-i. 

We know already from (9.9) that Xi = for i = 1 — N, 2 — N, . . . , 0. Assume by 
induction that Xj-i — mxj for all j < i. It follows from (11.51) that 

mxi = Xi—N - Q\Xi- N+ i - x t - N 

— Q2Xi-N-2 + QlXi-N+1 

— Q?,Xi-N + 3 + Q 2 Xi-N+2 

— QN-lXi-1 + Q.N-2Xi 
= - (-l)xi-i = Xi-i. 

This shows (11.47), and the remaining statements in Proposition 11.16 are obvious. 

□ 

Alternative Proof of Lemma 11.14. Use the notation of Proposition 11.16 and de- 
fine 

(11.52) d = J- i Z N 7 Fi = Gi/7L N . 
It follows from Proposition 11.16 that 

(11.53) F t = Z N i = Z/N { Z. 
The conclusion in Lemma 11.14 is 

(11.54) G l = {g e G | m l g E Z"}. 
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But 

(11.55) m i geZ N <^m i (g + Z n ) = 0, 
so this conclusion is equivalent to 

(11.56) F, = {h e F | m l F = 0}. 

But the last statement is obvious from (11.49) and (11.53). This proves Lemma 
11.14. □ 

We will now prove a theorem somewhat close in spirit to Theorem 11.10. If G 
is a torsion free abelian group, and n = 2, 3, 4, . . ., we define 

oo 

(11.57) D n (G) = p| n k G 

k=i 

= the set of elements 
of G which are 
infinitely divisible by n. 

D n (G), as well as its rank, is clearly an isomorphism invariant of G, and any 
homomorphism G — > G' will map D n (G) into D n (G'). D n (G) only depends on G 
and the prime factors of n, and D n (G) is in a natural way a Z [i] -module. Note 
that even if the rank of D n {G) is 1, D n {G) is not necessarily isomorphic to Z [^] , 
as seen from the example G = Z [|] and n = 2. But in the rank 1 case, D n (G) is 
isomorphic with a subgroup of the additive group R containing Z[— ]. 

In the special case that G = Kq{$Lj), where J is a matrix of the form (11.2), 
and the Perron-Frobenius eigenvalue A of J is rational, and thus an integer, we note 
that the right Perron-Frobenius eigenvector v, normalized as in (14.5), is contained 
in D\(G). In fact, since J _1 f = A _1 w we have 

(11.58) D\{G) D Z [i] v. 

If, furthermore, rank (D\(G)) = 1, there exists a subgroup D^(G) C Q such 

that 

(11.59) D\{G) = D®(G)v 

and this identity defines an isomorphism between D\(G) and D®(G). 

Let D^ 11 (G) be the set of multiplicatively invertible elements of D®(G), so if 
for example D® u (G) — Z [i] , this is the set of numbers of the form p^p^ 2 ■ ■ ■P r ^ n 
where p\ - ■ -p m are the prime factors in n and m, n 2 , ■ ■ ■ , n m G Z. 

Theorem 11.17. Le£ J, J' be matrices of the form (11.2) with rational Perron- 
Frobenius eigenvalues X, A' and Prim(A) = Prim(A') = {p\, . . . ,p m }- Assume 

rank(Dv(Jf (aj'))) = 1 
and let a, a 1 , resp. v, v' , be the left, respectively right, Perron-Frobenius eigenvec- 
tors of J, J' given by (5.17), (14.5), respectively. If there exists a unital morphism 
21 j -> 21,//, then 

,n. 6 o, <^H?(S'> 

In particular, if 

(11.61) ZMiToCM) = ^ [£] t/ 
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we cone 



lude 



(11-62) ^eZ[i]=Z[l]. 

If in addition the unital homomorphism %lj — > 21 j> is an isomorphism, and 
(11.63) D x (K (Qlj)) = Z [i] v, 

then there exist integers m, . . . , n m such that 

Remark 11.18. It does not suffice instead of (11.61) to assume that D\r(Ko(2lj')) 
is isomorphic to Z [-h], because, say, Z [A] /p is isomorphic to Z [A] if p is a 
prime not in the set {pi, . . . ,p m }. For the same reason, even though the existence 
of an isomorphism 2lj — > 21 j/ implies that Z? A (_ftr (2tj)) ~ ^ [37] one cannot omit 
condition (11.63) to obtain (11.64). See the proof for explanation of this. 

Proof. Let ip: -Ko(2lj) — ► ifo(2lj') be the X-theory morphism defined by the mor- 
phism 2lj — > 21,/'. Since Prim(A) = Prim(A') we have 

Dx(K (*j)) = D x ,{K (i&j)) 



and since 
and thus 



D x ,(K (%j,))=D®,(G')v' 



<P(v) e i>(D x (K (VLj)) C D®,(G')v' 
there is a £ e D®,(G') such that 

tjj(v) — £v'. 

Apply (a' I to both sides 

(a I i>(v)) =£{a' I ?/) . 

But since the morphism is assumed to be unital, we have (a' \ ip = (a | by unique- 
ness of the trace, and hence 

{a I v) = £ (a' I v') . 

This proves (11.60). Since (11.61) means D^(K (fHj>)) = Z [AJ , (11.62) follows. 
Finally, if the homomorphism 2lj — > 21,/' is an isomorphism and (11.63) holds, it 

follows by reverting the proof that € Z [ j] , and thus ,y has a multi- 

plicative inverse in Z [j] . But multiplicative invertible elements of Z [ j] have the 
form on the right-hand side of (11.64). □ 

There is one interesting circumstance where (11.62) or (11.64) is automatically 
satisfied. 

Lemma 11.19. Let J be a matrix of the form (11.2) with rational (and thus 
integer) Perron-Frobenius eigenvalue A. Assume that 

(11.65) Prim(m_/v) = Prim(A) 
and that 

(11.66) rank(L> A (G)) = 1. 
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It follows that 

(11.67) D x {G)=Z[\]v 

where v is the right Perron-Frobenius eigenvector given by (14.5). 
Proof. Since J~ n v = \~ n v, it is clear that 

(11.68) Z [I] v C D X (G). 
Conversely, if g e D\ (G) C G, then m^g € Z^ for some AT since 

tojv = (-l) Ar+1 det(J). 

But as Prim(A) = Prim(mjv), it follows that \ig e Z N for some j. But D\(G) has 
rankl and w e D X (G), so D\(G) C Qu. Thus 

A 3 g e Qwnz^. 

But as w G Z^ and the first component of u is 1, it follows that Qv n Z w = Zv. 
Thus A J g = nv for an n e Z, so 

This together with (11.68) proves the lemma. □ 

Corollary 11.20. Let J, J' be matrices of the form (11.2) with integer Perron- 
Frobenius eigenvalues X, X' , and let a, a' , resp. v, v' , be the left, resp. right, Perron- 
Frobenius eigenvectors of J, J' given by (5.17), (14.5), respectively. Assume that 

(11.69) Prim(A) = Prim(A') = Pnm(m N ) = Prim(m' jv ,) = {p u . . . ,p m } 
and that 

(11.70) rank(D v (#o(2ljO)) = l. 
If there exists a unital morphism 21 j — ► 21 /< , then 

T 
A 

and if this morphism is an isomorphism, there exist integers m, . . . , n m such that 

(11-72) WW) =PTPT - P -- 
Proof. If there exists an isomorphism, then 
(11.73) D x (K (Vlj)) = D x ,(K (%j)) 

= D xl {K Q {Kj,)) 

and hence it follows from (11.70) that ra,nkD x (Ko(^lj))- The rest is straightforward 
from Lemma 11.19 and Theorem 11.17. □ 

In applying Corollary 11.20, the most difficult condition to verify is of course 
(11.70). To this end, the following criterion is often useful. 

Proposition 11.21. Let J be a matrix of the form (11.2) with integer Perron- 
Frobenius eigenvalue X, and let v be the corresponding right eigenvector given by 
(14.5). Put 

G t = J-' l Z N and G = [j G t 



("■71) Pfis^ 

(a' | v') 
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as usual. Assume that there is an n G N such that 

(11.74) {geG\\ m geZ N }cG m 
for all i G N, and assume that 

(11.75) \ n J~ n has integer entries. 
It follows that 

(11.76) D x {G)=Z[\]v, 
so in particular (11.70) is fulfilled. 

Proof. It suffices to show that 

(11.77) D\(G) n Z N = Zv. 

For this, let w G D X (G) n Z N . Then w = X m g l for aftgG for all i G N. Using 
(11.74) we have 

g t G G m = J-" l Z w 

so 

w = A m g 4 G (A" J- n yZ N . 

Thus 

u) G p|(A"J-™) J Z w . 

i>0 

But A™, being the Perron-Frobenius eigenvalue of the primitive matrix J™, is strictly 
larger in absolute value than any other eigenvalue, and since A™J~™ is a matrix with 
integer matrix elements, it follows that 

f](\ n j- n yz N c m.vnz N . 

i>0 

But since the first component of v is 1 by (14.5), it follows that 

tonz A, = Zun z N 

so 

w G Zv n Z N 

and this proves (11.77) and thereby (11.76). □ 

Corollary 11.22. Let J, J' be matrices of the form (11.2) with integer Perron- 
Frobenius eigenvalues X, X' and let a, a' , resp. v, v' , be the left, resp. right, Perron- 
Frobenius eigenvectors of J, J' given by (5.17), (14.5), respectively. Assume that 

(11.78) Prim(A) = Prim(A') = Prin^m^) = Prim(m' Ar ) = {p u . . . ,p m } 
and there is an n G N such that 

(11.79) {g G G' | X m g G Z N } C G' ni 
for all j 6 N, where 

G' m = J'- m Z N , 

and 

(11.80) X' n J'~ n has integer entries. 
If there exists a unital morphism 21 j — » 21 j/ , </ien 
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and if this morphism is an isomorphism, there exist integers ni, . . . , n m such that 
(11-82) P^) =pn ^ 2 -- p -- 

Proof. This follows from Corollary 11.20 and Proposition 11.21. □ 

Remark 11.23. Note that condition (11.80) is equivalent to \' in j'- in having 
integer entries for i = 1,2,... and hence this condition is equivalent to 

G' ni c{ g eG'\ X m g e Z N } 

for 2 = 1,2,.... Thus, conditions (11.79) and (11.80) taken together are equivalent 
to the single condition 

(11.83) {g G G' | \ ni g G Z N } = G' ni 
iori= 1,2,.... 

Now one proves as in Proposition 11.4 that (11.79) is equivalent to the same 
condition for i = 1, and hence (11.83) is equivalent to the single condition 

(11.84) {g G G' | \ n g G Z N } = G' n . 

By the same token, (11.74) A (11.75) is equivalent to (11.84). 

Scholium 11.24. We saw in Lemma 11.14 that if A = mjv, condition (11.84) is 
automatically fulfilled with n = l, and this was used in the proof of Corollary 11.13. 
Thus, Corollary 11.13 may be viewed as a special case of Corollary 11.22. But in 
order to verify the hypotheses (11.84), we need an efficient algorithm. One such 
algorithm is one that in particularly "pure" form occurs in the proof of Proposition 
11.16. So in terms of G = K (?l L ), 

F = G/Z N 

Fi = d/Z N = J-'Z N /Z N 
we want to establish (11.84), i.e., 

(11.85) {h G F | X n h = 0} = F n . 

In the special case A™ = — to, we may proceed like this: If x 1; x 2 are the 
generators of F in Lemma 9.2, (9.8) and (9.9), then 

mxi = 

mx2 — —mN^iXi 

(11.86) 171X3 = - m N-2Xi - m N ^ix 2 

mx k = x k ^ N ~ mix k - N+ i m N ^ix k -i 

(where we use xi = for I < 0). As seen for example in Corollary 8.8, any element 
h G F can be uniquely represented as 

(11.87) h = tixi + t 2 x 2 H Yt k x k 

for some k, where ti £ {0, 1, . . . , m — 1}. It follows from (11.86) that rah = is 
equivalent to 

(11.88) -t 2 m N -iXi H h th(x k -N - mix k ^ N+ i m N _ix k -i) = 0. 

The leading term here is —t k mN-ix k -\. If now 

t k niN-i 7^ mod to 
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for tk = 1, 2, . . . , m — 1, it follows that rah = =^> tk = 0. Thus tkXk cannot be 
the leading term in h. Continuing in this manner, one loops off tk-i, ifc-2, etc., 
and one ends up showing mh = h € F\. If now m^_i = mod m, one 
gets from the outset that mx-i — 0, and hence there are no restrictions on t%, and 
since now mjv-i£fc-i can be expanded in x fc _ 2l x k~3, etc., one may try to go one 
step further and show that t^ = 0, etc., and then h € F2 if tm N _ 2 7^ mod m 
for t € {1, . . . , m — 1}, etc. In general, it may of course happen for example that 
tmjv-2 7^ mod m for some t e {1, . . . , m — 1} and tm,N-2 = mod m for some 
other £, and then the computation of {/i e i 7, | m/i = 0} becomes much more 
complicated. Let us single out the simple case. 

Proposition 11.25. Let J be a matrix of the form (11.2) and put m — tun ■ 

Choose n £ {1, . . . , N} such that 

(11.89) rn,N-k = mod 
for k = 0, . . . , n — 1, and assume that 

(11.90) gcd(mjv-n,mjv) = 1- 
It follows that 

(11.91) {h e F I mh = 0} = F n . 
Ifn = N, condition (11.90) may be omitted. 

Proof. Once one notes that condition (11.90), 

gcd(m N ^„,m N ) = 1, 

means that 

tm,N-n 7^ mod mjv 
for t = 1,2,..., mjv-i, this is clear from the discussion preceding the proposition. 

□ 



Example 11.26. Consider 

/ 1 \ 

10 10 

2 1 



J' = 



I 1 1 \ 

10 10 

1 

\ 4 / 



V 8 j 

Here A = A' = 2, so 

Prim(A) = Prim(A') = Prim(mAr) = Prim(m^) = {2}. 

Note that 

/ 1 \ 

0-11 

4 0-1-1 

\ 4 -1 J 

so (11.75) is satisfied with n = 2. Further note that 

( 1 \ 

2 

3 



4J'- 2 = 



(a I v) 



1 1 1 

X ' 2' 4' 8 



13 

T 



V 4 / 
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and 

(«><>= i 1 1 ! 



2' 4' 8 



1 
1 

V 2 J 



= 2 



and hence 

"1 



2 



(a' | w') 2 

but this number does not have a multiplicative inverse in Z [|] . Thus, if we can 
show (11.79), 

{geG'\ \ 2l g g Z N } C G^, 

it follows from Corollary 11.22 that 21 j and 21 j/ are non-isomorphic. But Proposi- 
tion 11.25 applied to J' shows that 

{heF\4h = 0} = F 2 . 

Thus (11.84) holds with n = 2 and in particular (11.79) is valid. This shows the 
non-isomorphism of the two dimension groups. 

In addition to the criteria of non-isomorphism given by Theorem 11.10, Corol- 
lary 11.12, Corollary 11.13, Theorem 11.17, Corollary 11.20 and Proposition 11.21, 
it is frequently possible to decide non-isomorphism by another route, namely by 
establishing that the exact sequence (5.31): 

— kerr K (%.j) Z [±] — 

splits for one specimen but not for another. With Kq($Lj) realized as (5.19), there 
is a simple criterion for this. 

Lemma 11.27. Let J be a matrix of the form (11.2) with integer Perron-Frobenius 
eigenvalue A with 

Prim(A) = {p 1 ,... ,p m }. 
The following conditions (i) and (ii) are equivalent. 

(i) The exact sequence 

— ► kerr « — ► K (%j) Z [£] — > 

sprite. 

(ii) There is a w G D\(G) such that t(w) has a multiplicative inverse in 
Z [j] , i.e., t(w) = p^p^ 2 ■ ■ , Pm m / or suitable m, . . . , n m G Z. 

Proof. (i)=>(ii): If the sequence splits, let 

be a section, and put w — tp(l). Then 

tce^(Z[i])c D\(G) and r(w) = 1. 
(ii)=>(i): If (ii) holds, we can define a section tp by 

iP(t(w)) = w 

and since Z [j] r(w) = Z [jj , and u> G D\(G), if> extends uniquely to Z [ jj . □ 
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Corollary 11.28. Let J be a matrix of the form (11.2) with integer Perron- 
Frobenius eigenvalue A with Prim(A) = {pi, . . . ,p m } and left and right Frobenius 
eigenvectors a,v given by (5.17), (14.5), respectively. The exact sequence (5.31): 

(11.92) — >kcrr = — ► K (Hj) Z [{] -» 

splits if 

(11-93) (a\v)=pTp7---P n ™ 
for suitable m, 712, . . . , n m in Z. 

Conversely, if (11.92) splits and i&nk(D\(G)) = 1 and Prim(rajv) = Prim(A), 
then (a \ v) has the form (11.93). 

Proof. Since always v £ D\(G), the first statement follows from Lemma 11.27. 

The last statement follows from Lemma 11.19: If ra,nk(D\(G)) = 1 and Prim(mAr) 
Prim(A), then D X (G) = Z[\]v and if ip is a section for (11.92), then ip{l) e 
D\(G) = Z [i] v. Thus, there is a t e Z [i] such that = tv. But then 

1 = (a | V(l)) = (a | tv) = t (a \ v) 

and it follows that (a | v) has the multiplicative inverse t in Z [i] , so (a | w) has 
the form (11.93). □ 

Example 11.29. An instance where the isomorphism question for two C*-algebras 
2lj and 21,/' is not immediate is when 



J = 1 1 and J' 





Both matrices are regular, and both have determinant 2 and Perron-Frobenius 
eigenvalue 2. The respective right eigenvectors are 

and vji = 




Since 

t (vj) = 7 
r{vj,) 9' 

it follows from Corollary 11.13 that the two C* -algebras 21 j and 21 jv are non- 
isomorphic. The non-isomorphism here is perhaps a bit surprising since the two 
matrices J and J' 6 have the same spectrum. 

Later, in Theorem 17.14, we will show that {Prim A, A 2 r (v)} is a complete 
isomorphism invariant for 3 x 3 matrices with A = m 3 . For the two matrices 
above one computes that A 2 t (v) is 7, 9, respectively, confirming that they are 
non-isomorphic. See also Theorem 17.16. 



CHAPTER 12 



Subgroups of G = \J™ =0 J o n £ 



Before applying our general theory of isomorphism of stationary AF-algebras 
to more specific examples in Chapters 13-18, we will mention one more example 
of how to decide nontriviality of extensions which is sometimes useful. In many 
examples we compute that G = Kq (21l) or Go = kerr or some other group is an 
extension of the form 

(12.1) O^H -^G — >Z[£] — 0. 

We first state a proposition which is a variation of a result due to David Han- 
delman [11, Proposition 10.1]. 

Proposition 12.1. Let E be an N x N matrix with integer entries and assume 
dct (E) 7^ 0. Let f (x) = det (xl — E) be the characteristic polynomial o/E and let 
f (x) = fi (x) fi (x) ■ ■ ■ f n (x) be the decomposition of f into irreducible polynomials 
in Z [x] . Define 

q(x)= n & ( x ) ' p( x ) = n & ( x ) • 

l/»(0)|=i IA(o)|/i 

Then 

p (E) % N C {m e 7L N | q (E) m = 0} = f] E k Z N . 

k 

Proof. The left inclusion follows from q (E) p (E) = / (E) = 0. Next note that 
W = {me Z N | q (E) m = 0} is an E-invariant sublattice of Z N . Note that if 

1 ( x ) = Si=o then go = ±1, so we may assume qo = — 1, and hence m <G W if 
and only if 

fe 



to = qiE l m. 

i=l 



But then by iteration 



to = ftE'^ TO 

for Z = 1, 2, . . . , and expanding those polynomials we see that 

/// • p| ;- , v . 

i 

Thus 

W CV = PjE'Z^. 

i 

But V is also an E-invariant sublattice of Z N , and thus a free abelian group, and 
the restriction of E to V is clearly surjective. Since E is injective, it follows that 
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E\y is invertible and thus |det (E|v)| = 1- But the characteristic polynomial of E|y 
is a factor of the characteristic polynomial of E, and since the constant term of the 
former polynomial is ±1, it is a factor of q (x). It follows that q (E|y) = 0, which 
means V C W. □ 

In order that an extension such as (12.1) shall be trivial, it is necessary that 
Go contain Z [g] as a subgroup. In order to decide that, the following more local 
proposition is sometimes useful. The condition on L means that C = 1 M and that 
C spans 



Proposition 12.2. Let J be a nonsingular M x M matrix with integer matrix 
elements, and let C be a free abelian subgroup of rank M of Q M . Consider the 
additive subgroup 



(12.2) 



Go = (J J -"£ 



71=0 



ofQ M - Let d G N be a number such that 

(12.3) E = dJ^ 1 

is a matrix with integer matrix elements. Assume that 

(i) there is a prime factor f of the monic polynomial 

(-A) M 



det (AH - E) 



■det -1 
det Jq V ^ 



Jo 



such that |/(0)| = 1. 
It follows that 

(ii) Go contains a subgroup isomorphic to Z [i] 
but (ii) does not imply (i) in general. 

Remark 12.3. Let us exhibit a partial example showing that (ii) does not imply 
(i). Let 



Jo 



and C = Z M . Then J M = dt, so G = U fc Jo~ Mk ^ M = z [l] M and hence (ii) 
holds. But since 

f]E k Z M =f]E Mk Z M =f]d^ M ~^ k Z M = 

k k k 

it follows from the equivalent form (iii) of (i) in the proof below that (i) does not 
hold. 

Proof. We know from Proposition 12.1 that (i) is equivalent to 
We now argue that (iii) is equivalent to 





1 


• • 


• 


°\ 








1 • • 


• 











o '• 


• 

















1 


\d 





• • 


• 


0/ 
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av) nr=i^^o. 

But since both £ and Z M are the free abelian groups generated by M points in 
Q M , and there is an element of GL (Q, M) transforming these M-tuples into each 
other, it follows that there is a natural number n such that 

(12.4) C C -7L M and Z M C -C. 

n n 

Thus the equivalence of (iii) and (iv) follows by linearity. Next, put 

(12.5) H = p| d k G . 

fe>0 

Clearly, H is a subgroup of Go containing 0. We now show 

oo 

(12.6) f)E k £<ZH. 

k 

But this follows from 

oo oo oo 

Pi E k C = f] d k Jn k £ C p d k G = H. 

But since (i) (iv), it follows from (i) and (12.6) that H ^ 0. But if g e H, then 
d~ k g e Go for all k by (12.5). Thus Go contains a subgroup isomorphic to Z [ a ] . 

□ 



CHAPTER 13 



Classification of the AF-algebras 21l with 

rank(i^ (2l L )) = 2 

Let us consider matrices of the form (5.47) with N = 2, 
(13.1) J=( mi 1 



v m 2 oy 

where mi, m 2 € N. We divide the discussion into two cases. 
Case 1. The Perron-Frobenius eigenvalue A is rational, and thus A e N. 
In this case one computes that J has the form 

(13.2) J= ( X k\ k J)' fc = l,...,A-l, 
and the spectrum is 

(13.3) spec (J) = {-k, A}. 

Referring to Theorem 7.5, we have D = 1, N = 2, and the triangular form (7.15) 
is (with p a (x) = Aa; — 1): 

(13.4) ("* * 

Hence the invariants of Theorem 7.8 are: 

(a) N = 2, 

(b) Prim(fcA), 

(c) Prim(fc), 

(c) ' Prim (A), 

(d) D = 1. 

Furthermore, we will argue below that 

(13.5) ker(r)-Z[I], r (K (21)) = Z [I] , 
so i^o (2i) is an extension of Z [j] by Z [£] : 

(13.6) Z [i] (21) ► Z [j] ► 0. 
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To see this, one computes 
(13.7) 

'\-k i/i i\ (\~ n o \ fx i 



fcA Oy A + fc v fc -V V {-k)~ n J\k -i 

1 / A-" +1 - (-fc)~" +1 A"" - (-fcp 1 
~ A + k \k\- n+1 + A (-fcp l+1 fcA-" + A (-fc)~ 

1 /A-" +1 -(-fc)-" +1 A-"-(-fc)"" 
= ATfc (fcA (A-" - (-A)"") fcA (A-"- 1 - (-for"" 1 ) 

Hence, using (13.7), one computes 



(13.8) 



A - k 1\ (n x 
fcA OJ \n 2 

1 



(Am + n 2 ) A"" Q + (fcm - n 2 ) (-fc)~" 



A + fc 

and thus, using (5.17), 

(13.9) t (g) = (l, g = (Am + n 2 ) A - ™ -1 . 

This confirms (5.22): r (/To (21)) = ^ (j), and we see that g £ ker (r) if and only if 
Ani + n 2 = 0, i.e., ra 2 = — Ani , so 5 e ker (t) if and only if 

(13.10) .9 = j^- {km + Am) (-*)"" = ni (-ky n (_\^ 

for an mi £ Z, 11 e N, which confirms ker (t) = Z [^] , so the sequence (13.6) is well 
defined and exact. 

Now, using (13.8) we can prove 

Proposition 13.1. If G ~ K (21) is realized concretely in Q 2 as above we have 
(13.11) 

* [H (i) + * [i] (—a) £ G £ (ITm) z Kl © + ^ z 111 (-1 

(13.12) (ni,n 2 ) = 



gcd K.nlf) 



for m,ri2 £ N, where gcd(ni,n§°) is ifce (unique) qreatest common divisor of n 
positive if and only if 

(13.13) a>0. 

In particular, the following conditions are equivalent: 



and 

(b) Prim (A + fc) C Prim (A) n Prim (fc). 
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G can also in general be characterized as the set of linear combinations of 
elements of 1? and the elements 



(13.14) 



A"" - (-k)~ n 

x + k \k\- n + (-ky n \ 



with integer coefficients, n = 1,2, ... . 
In the special case 



(13.15) 
put 

(13.16) 

Then 

(13.17) 



Prim (A) = Prim (k) , 
X Q = Y\ {p I P € Prim (A) = Prim (k)} . 



G = 



(z 


1 


) 


[z 


1 





z 



Remark 13.2. Note that the condition (b) in Proposition 13.1 is equivalent to 
each of the conditions 

(c) Prim(A + fc) C Prim (A), 

(d) Prim(A + fc) C Prim(fc). 

Clearly (b) (c) and (b) => (d). For (c) => (b), use k = (X + k) — X, etc. 

Proof. Setting n 2 = — Ani in (13.8) we obtain 



(13.18) 
and hence 
(13.19) 



1 



.9 = 



X + k 



(kni + Ani) {—ky 



C G.. 



m {-k)~ 



Next setting 712 = km in (13.8) we obtain similarly 
1 



9 



X + k 



(Ani + kn\) X 



ni X- n 



(13.20) 
so 

(13.21) 

We conclude that 
(13.22) 

Conversely, if g € G it follows from (13.8) that g has the form 



(13.23) 



g = a 



1 

-A 



where the pair a, b has the form 
1 



(13.24) 



X + k 



(Am+n 2 )A-", b = 



X + k 



(kni - n 2 ) {-k)~ 
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for suitable rii,n 2 € Z, n € Z. But writing 

A 



a = 



A + /c 

and choosing m large enough, it follows that 

1 



a G 



(An 1 +n 2 )A-("+ m ) 



(A + fc,A) 

and using the same reasoning on b, the inclusion 



(13.25) 



G c 



(A + 



b) Z[ * ] (1) + (XTM) Z S] (-a) 



follows. Applying (5.17) and (5.34) to a = (1,1/A), it follows that .9 = a(£) + 
b ( _\ ) is positive if and only if a > 0. 

We have (A + k, k) = 1 if and only if Prim (A + k) C Prim (fc), and hence (b) 
(a). But if (b) is not fulfilled, then (A + k, k) > 1 or (A + k, A) > 1, and choosing 
Tii = (or n 2 = 0) in (13.8) we see that G contains elements that are not in 

Z [*]U)+ Z [*](-*)■ Thus (a)^(b). 
Next, define 



(13.26) #(m,n 2 ,n) = 



1 



(Am + n 2 )A"" 



A + fc 

for n S N, n\, n 2 € Z. Then 

g (m, n 2 , n) = ni# (1, 0, n) + n 2 g (0, 1, rc) 

and 

5 (l,0,n+l) =. 9 (0,1, n), 
so G is spanned over Z by 1? and the elements 

1 



(km — n 2 ) (— k) 



-A 



(13.27) 



0(0, l,n) = 



A + A: 
1 



A" 



- (-*0~ 



A"" - {-k)- n 

x + k \k\- n + (-ky n x) ■ 

It remains to prove the last statement in the proposition. So assume Prim (A) = 
Prim (k) and define Ao by (13.16) as the product of the primes in this set. It follows 
that the matrix elements in the left column of 



J = 



X-k 1 
fcA 



all are divisible by Ao and hence all matrix elements of J 2n are divisible by Aq , i.e., 

A l Z 2 D J 2 "Z 2 , 
and hence, applying Aq ™ J~ 2 " to both sides, 

It follows that 

(13.28) GDZU Z : 



J- 2 "Z 2 D A -"Z 2 . 



/z 


1 

_ V 


) 




1 




v z 


_A _ 
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Conversely, G is spanned over Z by Z 2 and the elements (13.14) for n = 1,2,.... 
But 

(13 .29) 1 ( x ~ n - ^ - 1 w *- - (-*)- 



A + fc \,fcA"" + (-fc)"" A/ A»fc» A + fc V fc " +1 + (-!)" A " +1 . 

(-1)" +1 1 / A" -(-A;)" \ 
" A»fc» A + fc [- (\ n+1 - (-k) n+1 ) ) ■ 

But since A = — fc (mod A + fc), we have A™ = (— fc)™ (mod A + fc), so the vec- 

1 / A"-(-fc)" \ 
tOT A + fc y ^A n+1 ( fc)" +1 ^J mte & ra ^ com P oncn t s - It follows that the 

r i 2 

elements (13.14) are contained in Z j- . Thus 



(13.30) G C Z 



(13.32) if (G) 



Now, (13.28) and (13.30) finally establish (13.17). (The last argument was also 
used in [13, Remark after Proposition 5].) □ 

In general, the sequence (13.6) does not split, i.e., there does not exist a well 
defined homomorphism ip: Z [jl — > ifo (21) with r o ^ = id. (Well defined means 
for example ip(m\~ n ) = ip ((mA) A - " -1 ) .) In general, the class of Kq (21) in 
Ext (Z [i] , Z [£]) depends on properties of the prime decompositions of A and 
fc, and seems to have to be treated on a case-by-case basis. There are, however, two 
special cases that behave nicely. The first of these is the last case in Proposition 
13.1, 

(13.31) Prim (A) = Prim (fc) . 

Then 

with trace functional (1, 1/A). Since the dimension group is a complete invariant, 
the following Proposition ensues. 

Proposition 13.3. Let J\, J 2 be 2 x 2 matrices of the form (13.1)— (13.2) and let 

the subindices 1, 2 refer to J\, J 2 respectively. 

(a) If J\, J 2 define isomorphic C* -algebras, then Prim(Ai) = Prim(A2) and 
Prim(fci) = Prim(fc2). 

(b) //Prim(fci) = Prim(fc 2 ) = Prim(A 2 ) = Prim(Ai), then J\, J 2 define 
isomorphic algebras. 

In the latter case, the dimension group is 

(13.33) G = Z [{i | fc e Prim(Ai)}] 2 

with positivity determined as follows: g = (<?i,g 2 ) <E G is positive if and only if 
5i + A 52 > 0, where A = I^Prim^!) P- 

Proof. As already remarked, (a) is a special case of Theorem 7.5 and [13, Theorem 
10]. As for (b), Proposition 13.1 shows that 

(13.34) Gi = G 2 = z[-^ 2 
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as unordered groups, with positive cones determined by 
(13.35) (Gi) + = | g = (.91,52) G G t \ 9l + ±-g 2 > oj . 

But then the map 

(13-36) (Si.fla) —> (fii.^) 

defines an isomorphism of ordered groups G — > Gi for i = 1,2. Thus (G^, (G,),), 
i = 1,2, are both isomorphic to (G, G+), and Proposition 13.3 follows. □ 

The second special case that behaves nicely is when condition (b) in Proposition 
13.1 is fulfilled, i.e., Prim (A + k) C Prim (A) n Prim(fc). Let us first mention a 
simple algorithm to construct all pairs (A, k) of positive integers with 1 < k < A — 1 
satisfying these properties: One first picks such a pair (A', k') with gcd (A', k') = 1, 
then lets \i be the product of all the prime factors of A' + k', and then the pair 

A = n/xA', k = n/j,k', 

where n is an arbitrary positive integer, will have the property (b). One obtains all 
pairs (A, k) having the property (b) in this way, since given one such pair one may 
divide by gcd (A, k) to obtain (X',k r ), and then get back to (A, k) by the process 
above. 

As a simple example of the procedure above, take A' = 2 and k' = 1. This gives 
fi = 3, so all pairs 

A = n ■ 6, k — n ■ 3 

are examples. 

If (b) is fulfilled, there is an exact sequence 

0^Z[I]^G^Z[I]^0 

which splits. This is because G has the form (a) in Proposition 13.1, and one verifies 
directly that the map 

is a section (it is well defined since Prim (A + k) C Prim (A)). Hence we get a 
different criterion from that in Proposition 13.3: 

Proposition 13.4. Let J\, J2 be 2x2 matrices of the form (13.1)-(13.2) and let 
the subindices 1, 2 refer to J\, J2 respectively. 

/fPrim(fci) = Prim(/c2) and Prim (Ai) =Prim(A2), and 

Prim (Aj + k t ) C Prim (Aj) n Prim (hi) 

fori = 1,2 (see Remark 13.2 after Proposition 13.1), £/ien Ji, J2 define isomorphic 
algebras. Furthermore in this case the dimension group is 



1 


® z 


1 






_fel_ 



wif/i positivity determined by positivity of the first coordinate. 

Proof. This follows from the discussion before the Proposition. □ 
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Example 13.5. If 

T _ /6m l\ j ( 6n 2 l\ 

where the positive integers m, n 2 contain the same prime factors, then the corre- 
sponding AF-algebras are isomorphic. The case m = 2, n 2 = 4 is illustrated in 
Figure 17, below. 



Remark 13.6. If 

J= (X-k 1 

then the right Perron-Frobenius eigenvector v in (14.5) is v = (j,) and hence 

{ a\v) = l + - = — 

But if Prim(A + fc) C Prim A, this number has a multiplicative inverse in Z [j]. 
Hence the split property used in the proof of Proposition 13.4 can also be deduced 
from Corollary 11.28. 

Let us focus on an example of the use of Propositions 13.1 and 13.3: Consider 
the list of matrices in Table 2, below. It follows from Proposition 13.3(a) that the 
only candidates for nontrivial pairs defining isomorphic AF-algebras from this list 
are 

(13.37) 
and 

( 13 - 38 > J -( 7 8 S)' J '=(l56 

The first of these pairs actually defines isomorphic algebras by Proposition 13.3(b). 
(This was already proved in [13, Proposition 5].) For the latter of these pairs the 
special criteria of Proposition 13.1 cannot be employed. But as 78 = 2 • 3 • 13 and 
156 = 2 • 2 • 3 • 13 we have gcd(7,78) = 1 and gcd(l, 156) = 1, and it follows 
from Proposition 11.25 that degj' = 156-degJ' = 1 = dog J = 78-dcgJ. But 
m = 1cm (78, 156) = 156 and hence we may apply Theorem 11.10 to the pair J, J'. 
Using the formula in Remark 13.6 we see that 

Hv) = -, (a\v) = -, 



r 




1 




1 16 




l 32 


i 



and hence 



(a' | v>) 25 

It follows from Theorem 11.10 that 2lj and are non-isomorphic. 

Finally, note that the set of 2 x 2 matrices of the form (11.2), or (13.2), with 
A = m2, i.e., the matrices 

'A-l 1 N 
A 0, 

for A = 2, 3, 4, . . . all give rise to non-isomorphic algebras. This is proved in Section 
2. 
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Table 2. Prim invariants for various 21 l algebras with 
rank(X (2l L )) = 2. 

Matrix (13.2): ( A fc 7 A fc J) Block form (13.4): ( " fe \ ) Prim(fc) Prim (A) 

A = 8 



A = 13 



7 l\ -I 1 

8 0/ ^08 

6 l\ (-2 2 

16 OJ \0 8 

5 1\ /-3 3 

24 oJ ^08 

4 l\ /-4 4 

32 oJ ^08 

3 l\ /-5 5 

40 OJ \0 8 

2 l\ /-6 6 

48 OJ \0 8 

1 l\ /-7 7 

56 0/ I 



7 1\ /-6 6 

643 I 13 



{2} 

{2} {2} 

{3} {2} 

{2} {2} 

{5} {2} 

{2,3} {2} 

{7} {2} 

{2,3} {13} 



1 2 ! 13 J) (To 2 < 2 ' 3 > ^ 



Case 2. The Perron-Frobenius eigenvalue A is irrational, and hence in a quadratic 
extension of Z, since A satisfies a monic quadratic equation. 

In this case, the exact sequence (5.31) is 

— — » K (21) — Z [i] — 0, 

so ifo (21) equals Z [j] , in the sense of ordered groups. But since (K (21) , K (2l) + ) 
is a complete invariant, and the ordered group Z [A] determines 1/A uniquely when 
1/A is in a quadratic extension of Q, it follows that the irrational number 

1 y/m\ + 4m 2 — m 1 
A 2m 2 
is a complete invariant. But since the equation 

1 — m\x — m,2X 2 = 
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for 1/A is irreducible, and 1/A is characterized as the positive solution of this 
equation it follows that A determines mi, m 2 in this case. Conclusion: 

Proposition 13.7. // 

(13.39) j=f mi ;y ,r=(^ 1 



to 2 0/ ' lm, 



are matrices with m l , m 2 , m\, m' 2 € N and af feasf one o/ the numbers \J m\ + 4m 2 
or ^/ m'j 2 + 4m' 2 is irrational, then the AF-algebra 21 j is isomorphic to 21 j< «/ and 
oniy i/ 

(13.40) = to'i and m 2 = m' 2 . 

Finally, recall that if toi = 1, m 2 = to e N, then 21 j is the Pimsner-Voiculescu 
algebra associated with the continued fraction 



m x + v/m? + 4to 2 to 2 m 2 

(13.41) A = — v —— - -=m 1 + — = m 1 + 



2 A to 2 

TOl H 



TO 2 

TOl + 



TOl + ■ • 



see [75]. See Figure 2 for the special case toi = m 2 = 1. 



CHAPTER 14 



Linear algebra of J 

We have introduced several parameters related to C* -isomorphism invariants 
on the AF-algebras Slj,, L = (L\, . . . , L4) such that gcd (Li) = 1. Those parameters 
compute out as shown in Table 3 for the examples in Figures 1-5 and 12. We have 
included the value of d from Od, and the Perron-Frobenius eigenvalue A, in the table 
(we have shown in Example 5.3 that d is not an invariant in general). The actual 
invariants are Z [j], D, N, Prim (uin/Rd), Prim (Rd), while t (v) is a restricted 
invariant (see Theorems 7.8 and 11.10). 

Remark 14.1. It is to be stressed that the parameters are computed for examples 
(L\, . . . , La), subject to the restriction that the greatest common divisor is one, 
i.e., gcd (L^ = 1. It is immediate from Chapter 3 that the pair of AF-algebras 21l 
and 2l s £ computed from the two, (L\, . . . , Ld) and (sL\, . . . , sLd), are isomorphic. 
But, in a sense, the two parameters N and (p T = A~ 4 p' L (i) scale by s. Since 

Table 3. Some parameters related to invariants for various 21l algebras. 



Fig. 


Equation 


d 


A 




D 


N 




Rd 


t(w) 


# 




















1 


2x = 1 


2 


A = 


2 


1 


1 


2 


2 


1 


2 


x + x 2 = 1 


2 


A = 


1+^5 
2 


2 


2 


1 


1 


2 A 


3 


2a; 4 + x 5 + x s = 1 


4 


A = 




3 


8 


1 


1 


4 + al + 4af 










= 0.7549* 










w 4.6669 


4 


x 2 + x 3 = 1 


2 


A = 




3 


3 


1 


1 


2 + a\ 




















w 2.4302 


5 


x 2 + x 3 + x 5 = 1 


3 


A = 


a- 1 , 


5 


5 


1 


1 


2 + a 3 + 3a 5 








a = 


-- 0.6997 










w 2.8459 




x + x 5 = 1 


2 


A = 




3 


5 


1 


1 


1 + 44 




















w 1.9805 




x + Ax 3 = 1 


5 


A = 


2 


1 


3 


4 


2 


2 




3.x 2 + 2x 3 = 1 


5 


A = 


2 


1 


3 


2 


2 


9 

4 


12 


x + 3x 3 + 2x 4 = 1 


6 


A = 


2 


1 


4 


2 


2 


17 

8 


12 


3x 2 + x 3 + 2x i = 1 


6 


A = 


2 


1 


4 


2 


2 


19 

8 




x + 2x 3 + 4x 4 = 1 


7 


A = 


2 


1 


4 


4 


2 


9 
4 




3x 2 +4x 4 = l 


7 


A = 


2 


1 


4 


4 


2 


5 
2 



* Note: a; 2 + x A — 1 is a factor of both 2a; 4 + x 5 + x 8 — 1 and x + x 5 — 1; see lines 3, 4, 6. 
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tun — |det J\, tjin does not. To see this, note that the scaling L 
corresponds to a simple inflation of J, as illustrated by (s = 2): 



(mi 1 



sL, s e N, 



r 


1 











o \ 


mi 





1 




















1 








m 2 











1 




















1 


V m 3 

















TO2 1 

K m 3 0, 



and these matrices define isomorphic stable AF-algebras. (For the 6x6 matrix 
the maps in the inductive sequence are not injective.) In the last example, to get 
back from the inflated matrix to J, simply delete the rows numbered 1, 3, and 5 
(shaded), and the columns numbered 2, 4, and 6. 

Hence, to compute parameters for a general divisible (Lj)-system, first pass to 
(L-) where L\ — gcd ( L .-) ^i, and then use the prescribed formulas (for the parame- 
ters) on the (L-)-system. 

We next consider the following observation regarding the parameter r (v). 

Proposition 14.2 (Scaling Property for the Parameter). Let (L\, . . . , Ld) be given, 
and let s G Q + . Let t (v) and t(v s ) be the respective numbers for L and sL, as 
follows: let v <E satisfy Jv — Xv, V\ = 1, where X is the Perron-Frobenius 
eigenvalue for aJ = Xa. Then 

(i4.i) T ( w) = A-y L Q 

where 



(14.2) 



PL {x)=^x Li -I, 



i=i 



and the corresponding number for sL is 

(14.3) t(v s ) = st{v). 



Suppose deg(L) > 1. Let the other roots of Pl{x) be {a i }^ 1 1 . Then, by the 
assumptions, la^ 1 ! < A, and 



L d -1 



pl = n ( e 



i=i 



Proof. Writing J in the form 



(14.4) 



J = 



mi 1 

m 2 1 

rriN-2 

mjv-i 

\iiiiv 



0^ 



1 
1 

0/ 
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note that then (14.2) becomes 



N 



PL 0) = ^mjx 3 - 1, 

and the eigenvector v may be computed by directly solving Jv = Xv: 
( i \ 



(14.5) 



v = 



\x 



N-l 



1 

A — mi 

A 2 — TOlA — TO 2 

A 3 — rriiX 2 — m 2 A — m 3 



ii\ N 2 m w _ 2 A - m N -i/ 



Since t (x) — (a \ x), with a = (l, a, a 2 , ... , a w and a — j, we get 

t (f ) = (a | v) 

= N — (N — 1) m x a - (N - 2) m 2 a 2 2m N _ 2 a N - 2 - niN^a"- 1 

= Nm N a N + rma + 2m 2 a 2 H h (A^ - 1) tun^x^^ 1 

= aPL ( a ) . 
where we used the fact that 



m\a + m 2 a 2 + • • • + mfqa N 



1. 



We claimed in (14.1)-(14.2) that r (u) = ap' L (a), and this now follows. The scaling 
property (14.3) is immediate from this. □ 

Corollary 14.3. Let J, J' be two matrices specified as in (14.4), and suppose they 
have the same value for the rank N and the same Perron-Frobenius eigenvalue A. 
Let v, resp. v' , be the right Perron-Frobenius eigenvectors (with v 1 = v[ = 1). 
Then 

v = v' J = J'. 



Proof. If v = v' , then recursion in (14.5) yields m i 



for i 



1,2,...,JV- 1. 



Since TV and A take the same values on J and J', the identity (in each case) 
A^ 1 - m^- 2 - • 



m N 

tojv-2A - mjv-i = — — , 



shows that then also m w = m' N , and therefore, by (14.4), J = J'. The converse is 
clear. □ 



CHAPTER 15 



Lattice points 



Let (Li) i=1 be a standard system, and let 21l be the corresponding AF-algebra. 
We saw that the trace is unique and determined by the value of the Lj's. It is clear 
that when (Li) is given (Li > say), there is a unique (3 such that X^=i e _/3ii = 1. 
This means that x@ :— is a root of 

p L (x) = x Ll H Vx Ld - 1. 

But with the restrictions Li <G N, L\ < L^ < ■ ■ ■ < Ld, it follows from Example 5.3, 
and, later, Chapter 16, that the Li's are not determined by (3. We have already 
seen examples illustrating that, up to the obvious permutations, there is for fixed 
< x < 1 and d, a multiplicity of lattice points on the variety (Li) C M. d , Li > 
with Perron-Frobenius eigenvalue 1/x. The pair of lattice points (2,3), (1,5) in 
Figure 18 are on the same curve. For d = 2, we know of no other pair of distinct 
lattice points over the 45° line lying on the same curve. 



Example 15.1. Consider the AF-algebra of x 2 
= a m 0.7549 is the positive root and pp (x) 



1 



1 in Figure 4. There 
x 2 — x 3 is the minimal 



polynomial. K of this example is therefore given by (5.26), and ker (r) = 0. But 

(1 1 o o o \ 
oooio with the same 3 (and therefore 
1/ v 
10 0/ 

root a — e~^). Now for this related example, there are infinitesimal elements, i.e., 
ker(r5) ^ (in fact ker(r 5 ) = Z 2 ), and hence the corresponding two AF-algebras 
are non-isomorphic. Specifically, ker(rs) may be computed from (5.29) where the 
restriction matrix J is ( } 1 J). Since det J — 1, it follows that ker(r 5 ) = Z 2 , as 
claimed. 



The examples x 5 



— 1 and x 3 + x 2 — 1 show that we must at least add 



TV = N' as a condition for isomorphism, because these two have the same (3. (In fact 
x 2 — l) (x 2 — x + l).) The triangular form J5 = ' 



x 5 + x — 1 = (x 
from Theorem 7.5 which corresponds to this factorization is 

/ 







Jo 



J: 



V 



-1 


1 


1 













-1 

















1 











1 





1 








1 









Q 



Jr 



and the three Prim-invariants from Theorem 7.8 are all 0. 

However, in Chapter 16, for d > 5, we will give other examples of multiple 
lattice points. (We also gave such examples in Example 5.3.) In those examples, 
for each of the cases d — 5 and d = 6, there are three such multiple points on the 
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FIGURE 18. Examples from lattice points: gj| = -x Ll ~ L2 . 

— i variety. There are others for different values of (3, but none with d = 2. 
The value of d is different for the two in the above pair; and if it is further assumed 
that / = L\ + L2 be the same, convexity and symmetry show that there cannot be 
double points. 

For d — 2, the picture is as shown in Figure 18. There is some non-uniqueness 
as follows: if 

m\x Ll + m 2 x L2 + • • • + m k x Lk = 1 
where Li,mi G N, then, if Q (x) is any polynomial of the form 
Q (x) = 1 + Ylm=i n mX Lm , where n m are positive integers, < n m < L m , then 
Q (x) (rriix Ll + ■ ■ ■ + nrikX Lk — lj = 0, which gives another polynomial of the form 
above. Even the added condition 

nii = d 

i 

does not imply uniqueness, by Example 5.3 and Chapter 16. 



CHAPTER 16 



Complete classification in the cases A = 2, 



N = 2,3,4 



The examples when the Perron-Frobenius eigenvalue A = 2 entail some of the 
essential features of the dimension groups associated with the corresponding AF- 
algebras 21^. 

The construction in the examples below is a special case of the following: Let 
p (x) e Z [x] be given, and assume it is irreducible. Let N € N, and let Tn (p) be 
the set of N x N matrices over Z of the form 



(16.1) 



J = 



( 



mi 
m 2 



771 N— 1 
\ 771 Js[ 



(A 

o o 

1 

0/ 



E i= i m i x 



i. 



2,3, 



We 
An 



with jtin > 1, and m, > 0, such that p(x) divides pj (x 
saw that, for p (x) = 2.x — 1, xn = H^^Fn (2a; — 1) is finite for all AT 
analogue of this holds true in general. If p(x) — x 2 + x 3 — 1 (see Example 5.3), 
then T± (p) — 0, while x$ (p) = (p) =2. The two elements of (p) are 



(m±\ 

771-2, 
77l 3 
7714 

\m 5 J 



/1\ 






VV 



M 
o 
1 
1 

VV 



corresponding to isomorphic 21l's. This approach is in general most useful if p{x) 
has the form ^nji' — 1 where the rn are nonnegative integers, tid ^ and 
gcd {i | 7ii 0} = 1 , because then we can say at the outset that the Perron- 
Frobenius eigenvalue of (16.1) is 1/a, where a is the unique positive root ofp(x). 

For each N — 2,3,4, ... , there is only a finite number xjy of possibilities for 
the matrix J. Since the matrix J is of the form (16.1) they are described by 
the numbers mi of the first column. They are given by the following algorithm: 
If Qi, . . . , Qiv-i S Z, and q(x) = 1 + Qn-i% + ■ ■ ■ + Qix^ -1 , then p L (x) = 
(2x — 1) q (x) has the form 



PL {x) = — 1 + m\x + • • • + mjyx 



N 
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with rrii > 0, > if and only if Qi > and 

Qi < 2Q 2 , 



(16.2) 



Qi < 2Q 3 , 



Qn~2 < 2Qn-i, 



N-l 



< 2. 



This is proved by simple algebra. The numbers xn are x 2 = 2, X3 — 6, X4 = 26, 
.... In a slightly more condensed form, the conditions are 



>JV-1 



< Qi < 2 • Q 2 < 4 • Q 3 < 8 • Qi < ■ ■ ■ < 2"-' ■ Q N ^ < 2 1 

It follows that the specific cases may be summarized for N = 2,3, and 4 (lexicographic 
order from (16.2)): 




and 



(16.5) 



/toA 
































'0\ 




m 2 


1 




1 






















3 




3 




2 




m 3 


1 







7 


3 


2 


? 


1 


5 





7 


1 


7 





7 


3 




\m 4 J 


w 




w 




w 


w 




KV 




w 




KV 




w 


















f°Y 














M 






\ 


/oV 




2 




2 




2 


1 




1 




1 




1 




1 




1 




2 




1 


7 





5 




4 




3 


7 


2 


7 


1 


7 







W 




w 




w 


V 2 y 




W 




w 




W 




\!0 


/ 


V 12 / 




7 
\2/ 




6 

w 




5 

\6J 





4 

W 



\ 








/ 
















2 




1 




J 






w 


V 



But inspection reveals that, of the two N = 2 cases (16.3), only the first one has 
Li-values with greatest common divisor equal to one. For the six N = 3 cases 

(16.4) , all but the last of them have this property. Finally, for the N = 4 examples 

(16.5) , the property holds for all but the 8th, 12th, 18th and the last one. Note 
that the SIl's associated to the last vector in each of the three sequences are all 
isomorphic, and isomorphic to the algebra defined by the constant lxl incidence 
matrix (2), i.e., the Glimm algebra of type 2°° illustrated in Figure 1. The algebras 
corresponding to the third and seventh vectors in the N — 4 sequence (16.5) are 
illustrated in Figure 12. 

In order to distinguish the isomorphism classes of the remaining specimens, we 
will use the invariants developed in Chapters 6-12. Since A = 2 in these cases, 
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we always have t (K (21l)) = Z [|] and D = 1. Thus the invariants in Chapter 
7 reduce to AT, Prim(mAr), and Prim (Qjv-i) = Prim (mjv/2). It follows from 
Remark 11.15 that in these cases = 2 if and only if kerr = Z^ -1 , and then 
Corollary 11.13 can be used to distinguish some cases. Here a = (l, |, |, . . . , 2W 1 _ 1 ) 
by (5.17) and u is given by (14.5) with A = 2. (The case A = rriN will be studied in 
detail in Chapter 17.) We will also use some secondary invariants derived from the 
group Go = kerr, since of course any group invariant derived from Go is an invariant 
for 21l- Since Go is a natural Z-module, the tensor product group Go <8> Z p (tensor 
products as Z-modules) is a secondary invariant. For example 1 q ® Z p = Z gcd ( 9 p j, 

Z <g> Z p = Z p and Z i (g> Z p = Z( Pi9 ) where (p, g) = p/ gcd (p, g 00 ) is defined 
by (13.12). For our specimens, it will be useful to use p = 2, and using (5.41): 
G = Z[x]/(po (x)), we obtain G ® Z 2 = Z 2 (a;)/ (po,2 (x)) where p ,2 («) is 
the polynomial obtained from po {x) by reducing the coefficients modulo 2. Thus 
Go ® Z 2 is the direct sum of a finite number of copies of Z2 , and this finite number 
is an invariant. See Corollary 8.9. 

Then to work on the list (16.3)-(16.5). 

Rank 2 (N = 2): By (16.3) there is only one specimen, 



Rank 3 (N = 3): By (16.4), there are five specimens, which can first be classified 
as follows: 

Group Prim (m 3 ) 
number Prim (7713/2) 

1 & 






{2} 
{2} 




{2,3} 
{3} 



For Group 1, we may use Corollary 11.13. But this was done already in 
Example 11.29 with the result that these two specimens define non-isomorphic 
algebras. (Specimen (b) will be considered further in Example 18.2.) 

For Group 2, we compute, using (8.26) in Corollary 8.9, 

Group 2 Specimen p (x) Go <8> Z 2 



(a) 2x 2 + x + 1 Z : 



(b) 2 2x 2 + 2x + 1 
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and hence Go is non-isomorphic for the two examples. (Specimen (a) here has 
already been studied in Remark 9.3, and will again be considered in Example 18.1.) 

We conclude that all the 5 specimens in the N — 3 case are mutually non- 
isomorphic. 

Rank 4 (N = 4): Here we have 22 specimens which can be divided into 6 groups 
according to the invariants Prim (7114), Prim (7714/2): 

Group Prim (7714) 



number Prim (7774/2) 



1 


{2} 




1 
1 

w 


1) 




3 


(2) 


( ) 

3 
1 

W 


(3) 


2 
3 


(4) 


(of 
1 

5 

w 



7 


(6) 


2 


{2} 
{2} 


1 


w 


a) 



2 


(b) 





VJ 


(c) 


2 
2 

W 


(d) 


1 

4 

w 


1 

2 

w 


(f) 


f°\ 


6 

W 


(g) 


f°\ 


4 

w 


(h) 


3 


{2,3} 
{3} 


\ 



1 

w 


a) 


'°\ 

2 
1 


(b) 


(o\ 
1 
3 

\y 


(c) 




5 

w 


(d) 


4 


{2,3} 
{2,3} 



2 

V 12 , 


\ 
/ 


5 


{2,5} 
{5} 


1 
1 


f 

/ 


/o\< 


3 

W 




6 


{2,7} 
{7} 


( s 


1 

V 14 , 


\ 
/ 



For Group 1, we may apply Corollary 11.13. Using (5.17) with e ^ = | and 
(14.5) together with pl (2) = 0, we compute for two general matrices of the form 
(14.4) with N = 4 and A = 2 that 

(a I v) = ^ (4 (mi + m 2 ) + 3t77 3 + 2t77 4 ) . 
8 

For the 6 specimens in group 1 this leads to 

, , 13 + 2?; 
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for 



1,2, 



, 6. It follows that 



(a | Uj) 



(a|^-) 

whenever i ^ j, i,j = 1, . . . ,6. We conclude from Corollary 11.13 that all these 6 
specimens define mutually non- isomorphic algebras 21l, although each defines an 
exact sequence of the form 

— ► Z 3 — ► G — ► Z [\] — > 0. 

In Group 2 there are 8 specimens. Let us compute the polynomial po (x) = 
Pl (x) j (2x — 1) for these, and use the result to compute Go <£> Z2, where Go = 
kcrr = Z [x] / (po (x)), using (8.26) in Corollary 8.9. The result is exhibited in 
Table 4 on the next page. 

It follows from Table 4 that we can group the 8 specimens into 3 subgroups 
with no isomorphism between the different subgroups: 
Subgroup 1 



(d): 



2 
2 

w 



(g): 





6 

w 



(h): 





4 

w 



Here kcr r t 



> = 0, so kerr is a torsion- free abelian group of rank 3 such that all 
the elements are divisible by 2, and also ker (t) CZ[|] . It follows that 



ker- 



Thus G is an extension 

0^Z[i] 3 ^G^Z[i] ^0 

in all three cases. But Ext (z [i] ,Z [i] 3 ) = by [20, Proposition VI.2.1]. (If one 
assumes a priori that G is divisible by 2 this is trivial, but in the general case one 
proceeds as follows: It is clear that Ext (z [±] ,Z [i] 3 ) ^ Ext (Z [±] ,Z [i]) 3 (i.e., 
three copies). Assume that 



M 







(16.6) 0^Z[i] 

is an exact sequence of Z-modules. Since Z [i] = Z {2} (localized in {2}), Z [±] will 
be Z-flat. Take the tensor product of (16.6) with Z [5] over Z to obtain 

(16.7) — ► Z [i] — > M (g) Z Z [|] — > Z [I] — » 0, 

which has to be isomorphic to (16.6). But (16.7) splits by the initial remark.) Thus 
the three vectors in subgroup 1 define isomorphic algebras. 

This can also be seen much more directly as follows: It follows directly from 
Corollary 11.6 that G = Z [|] for these three specimens (d,g,h) and the Perron- 
Frobenius eigenvalue A = 2 in all three cases, so it follows from (5.17) and (5.34) 
that the three specimens are isomorphic. 
Subgroup 2 



(b): 












. (c): 





2 





w 




W 
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Table 4. The specimens in Group 2 for Rank 4. 
Group 2 Specimen p (x) G ®z Z>2 



(a) 



1 


W 



1 + x + x 2 + 2x 3 



7 2 



(b) 




2 

w 



1 + x + 2x 2 + 2x 3 
= (l + x) (l + 2x 3 ) 



(c) 






W 



1 + x + 2a; 2 + 4a; 3 



(d) 



2 
2 

W 



1 + 2x + 2x 2 + 2x 3 



(e) 



1 

4 

w 



1 + 2a; + 3a; 2 + 2x 3 

= (l + x) (l + a; + 2a; 2 ) 



7 2 



(f) 



/ \ 
1 

2 

w 



1 + 2.x + 3a; 2 + 4a; 3 



7 2 



(g) 



M 



6 

w 



1 + 2x + Ax 2 + 2a; 3 



(h) 





4 

w 



1 + 2x + 4a; 2 + 4a; 3 
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In specimen (b), po (x) = (1 + x) (l + 2x 2 ) so kerr is given by an extension 

1 2 







kerr 







(the right morphism is evaluation of the polynomial at — 1, where po (— 1) = 0). 
By Z being a free Z-module, this extension automatically splits. In specimen (c), 
Po (x) = 1 + x + 2x 2 + Ax 3 is irreducible, and we have an exact sequence 

— > Z — > kerr — ► Z [if — ► 0. 

We will show that these specimens are non-isomorphic by using Corollary 11.22. 
Let J correspond to specimen (b) and J' to specimen (c). By Proposition 11.25 we 
have 

{h e F' | 8h = 0} = F3 

and hence (11.84) is fulfilled: 

{ 9 eG'\2 3 geZ N }=G' 3 . 
One now computes (a \ v) = | and (a' | v') = |, so 

(a'lv') " 10 

It follows from Corollary 11.22 that there does not exist a unital morphism %j — > 
21 j' , and in particular specimens (b) and (c) are non-isomorphic. 
Subgroup 3 



(a): 



Specimen (e) has the reducible polynomial 

Po (x) = 2x 3 + 3x 2 + 2x + 1 = (x + 1) (2x 2 + x + l) 
so there is an exact diagram 



I 

— >Z — > E — >Z[i] — >0. 

I 

(16.8) kerr 

I 
Z 

I 


The horizontal sequence is described in detail in the end of Example 18.1. The 
vertical sequence necessarily splits since Z is free, i.e., 

G = kerr ^ Z © E. 

Since po (1) = 0, evaluation at —1 gives a homomorphism ker (r) — > Z, which is 
the lower vertical map in the diagram. Specimens (a) and (f) have irreducible po- 
polynomials, so there are no homomorphisms G — > Z, and therefore these are non- 
isomorphic to specimen (e). But specimens (a) and (f) are mutually non-isomorphic 
by Example 11.26. Hence all three specimens (a,e,f) are mutually non-isomorphic. 











f°\ 


1 






1 

4 




1 

2 


W 




w 




W 
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Note also that for (e), it follows from Proposition 11.25 that {he F< e ' | Ah = 0} 



and hence 



{ 9 eF^\4g = o} = G { ° } . 



For this specimen we have 
and since 

' v( a ) 



■(<>> 



V 1 2 4 8/ 



2 
3 

W 



= 3 



2 and 



(f)\ = ^ 



13 
4~ 



it follows also directly from Corollary 11.22 and Remark 11.23 that these specimens 
all are non-isomorphic. 

In Group 3, there are 4 specimens. We compute the polynomial pa (x) = 
Pl{x) I (2x — 1) for these, and use the result to compute Go<8>Z 3 , where Go = kerr 
=Z [x] / (p (x) Z[x]), using (8.26) in Corollary 8.9. 

Group 3 Specimen p a (x) G <8> Z 3 



(a) 




1 

W 



1 + x + 2x 2 + 3x 3 



(b) 



2 
1 

w 



1 + 2x + 2x 2 



3x J 



Z§ 



(c) 



1 

3 



1 + 2x + 3x 2 + 3x 3 



(d) 




5 
\6J 



1 + 2a; + 4a; 2 + 3a; 3 

= (l + a;)(l + a; + 3a; 2 ) 



Thus we see immediately that specimen (c) is non-isomorphic to the three others. 
Also, we see that specimen (d) permits a homomorphism from kerr into Z, but 
not the two others, so it remains to consider the pair (a,b). But for both these 
specimens we have ttm = 6 and rri3 = 1, so applying Proposition 11.25 we have 

{h E F | Qh = 0} = F 1 



for both. But this means that 6-deg J = deg J = 1 for both. But (a 



(a) | v (a) 



)\ = 19 

/ ~ 8 



and (o;( b ) |i/ b )) = and hence Theorem 11.10 implies that there cannot be a 



*0>) | «(*>>) = f 

unital homomorphism from either of these specimens into the other. It follows that 
the four specimens in this group are mutually non-isomorphic. 
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Groups 4 and 6 have only one specimen each, so the basic invariants Prim (m 4 ) 
and Prim(m4/2) suffice to separate this group from the others. 
In Group 5 there are two specimens, 







(°\ 


1 
1 





3 


w 




W 



For both of these 1714 = 10 and m 3 7^ and m 3 is mutually prime with r/14. Thus 
Proposition 11.25 implies that 

10- dog J = deg J = 1 

for both these specimens. But in this case {a^ \ v^) = an d (a( b ) |w( b ^} = 22, 
and it follows from Theorem 11.10 that there are no unital homomorphisms from 
one of these two into the other. 

In summary, all the 22 permitted specimens in (16.5) are mutually non-isomorphic 
except for one group of 3 isomorphic specimens, namely the ones in Subgroup 1 of 
Group 2: 



(16.9) 











2 










2 


' 6 




4 


w 


W 




W 



These specimens are illustrated in Figure 19. 
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Figure 19. L = {2,2,3,3,4,4,4,4}; first column =(0 2 2 4)* 
(left); L = {3, 3, 3, 3, 3, 3, 4, 4, 4, 4}; first column = (0 6 4)* (cen- 
ter); L = {3,3,3,3,4,4,4,4,4,4,4,4}; first column =(0 4 8)* 
(right): The three isomorphic algebras in the final summary of 
Chapter 16 (see (16.9)). 



CHAPTER 17 



Complete classification in the case A = win 

We will now continue the study of the case A = m^r begun in Corollary 11.13, 
Lemma 11.14 and Proposition 11.16. We will introduce a new invariant I (J) in 
(17.12) and Corollary 17.6 below. In the case N = 1, the invariant always has the 
value 1 (Section 1), but in the case N = 2, the invariant separates all specimens 
in this class, so they are all non- isomorphic (Section 2). More interestingly, in the 
case N = 3, the pair (Prim A, I (J)) turns out to be a complete invariant (Theorem 
17.14), and this can be used to exhibit nontrivial pairs of 3 x 3 matrices in this class 
giving isomorphic algebras. It is curious that for N = 3, the equality / (J) = I (J') 
forces A to be unequal to A' (unless J = J'; Proposition 17.13). For N — 4 we 
do exhibit an isomorphic pair with A = A', and we present a proof of K.H. Kim 
and F. Roush that (N, Prim A, I (J)) is a complete invariant in general for the class 
A = m^v (Theorem 17.18). In this class, it also turns out that (N, Prim X,I (J)) is 
a complete invariant for stable isomorphism (see Corollary 17.21). 

Lemma 17.1. Let J be a matrix of the form (11.2), and assume that the Perron- 
Frobenius eigenvalue A of J is equal to tun ■ It follows that 

(17.1) G := (J J~ n Z N = Z N + Z [i] v, 

n 

where v is the right Perron- Frobenius eigenvector given by (14.5). 
Proof. Clearly Z N C G and v e Z N , so J""v = A" n v e G, and hence 

(17.2) Z^+Z^vCG. 

Since G is the smallest J _1 -invariant subgroup of Q N , in order to show the converse 
inclusion it suffices to show that 

(17.3) J- 1 (Z N + Z [{] v) C Z N + Z [{] v. 
But as J _1 v = j\r, it suffices to show that 

(17.4) J~ 1 Z JV C Z N + Z [i] v. 

Then it suffices to show that the right column vector in J -1 in (5.49) is in Z N + 
Z [j] v. But using tojv = A and (14.5) we see that this column vector has the form 
A _1 v + m, where m e Z N . This proves (17.4) and thus Lemma 17.1 is proved. □ 

Lemma 17.2. Let J be a matrix of the form (11.2), and assume that A = mjv- 
Let v be the right Perron-Frobenius eigenvector of J normalized as in (14.5). It 



141 



142 REPRESENTATION THEORY AND NUMERICAL AF-INVARIANTS 

follows that v has the form 

( 1 \ 

v 2 



(17.5) 

where 
(17.6) 

fori = l,2,...,N-l. 



VN-l 

V i / 



Vi+i = Xvi — n%i 



Proof. This is an immediate consequence of (11.40) and (11.41) in the proof of 
Lemma 11.14. □ 

Lemma 17.3. Let J, A = mjv, v be as in Lemma 17.2 and define the (N — 1) x N 
matrix M v by 

( v 2 -1 ••• \ 
v 3 -1 



(17.7) 

Then 
(17.8) 



M v 



WAT_1 

\ 1 



-1 
-1/ 



G := |J J- n Z N = { I£ Z | M v x G Z^ 1 } . 



Proof. Let v- 1 = {y e Z w | (y | v) = 0}. We will also prove that 

(17.9) G = {xeZ[i] A '|Vyev 1 : (y|x)ez} 

by establishing the following relations between the right-hand sets of (17.1), (17.8) 
and (17.9): 

(17.1) R C (17.9) R C (17.8) R C (17.1) R . 
The first inclusion to the left is immediate, and since the vectors 

(v 2 , -1,0,..., 0),(« 3) 0,-1,0,..., 0),..., (1,0,..., 0,-1) 

are all in v 1 - by (17.5), the second inclusion follows. But if x g(17.8)r, then 

x ie Z[I] 

x 2 = v 2 xi + m 2 

x 2 = v$xi + m 3 



xn-i = vn-iXi + mjv-i 
xn = X\ + rriN = vnXi + 

where m 2 , . . . , tun e Z, and hence x = m + xiv g(17.1)r. 



□ 
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Lemma 17.4. Let J, J' be as in Lemma 17.2, and assume that there is an isomor- 
phism e-.G^G' (and thus N = N' , Prim (A) = Prim (A')). Let A e GL (N, Z [{] ) 
be the matrix in Proposition 11.7 implementing the isomorphism. It follows that 

(17.10) Av = £v' 

where £ is an element of Z [j] wii/i multiplicative inverse (i.e., £ is a product of 
powers of the primes in Prim (A)). 

Proof. By Lemma 17.1 we have 

G = Z w + Z [I] v, 
G' = Z N +Z [j] v', 

so 

D A (G) = Z [I] v, 

and 

(G')=Z[I] v' 

(see (11.57) for the definition of D\). But 6* must map D\ (G) onto D\ (G 1 ), from 
which the assertion follows. □ 

Note that Lemma 17.4 immediately gives a strengthening of Corollary 11.13. 
But we will do better: see Lemma 17.9. 

Corollary 17.5. Let J, J' be matrices of the form (11.2) with = A and 
mjv = A'. // there is a unital isomorphism 2lj — > 21,//, then N = N' , Prim (A) = 
Prim (A') = {pi, . . . ,p n }, and there are integers mi, ... , m n such that 

(17 111 (a|v) _ mi m 2 m„ 

(17.11) - Pl p 2 p„ . 

Proof. We have N — N' and Prim(mTv) = Prim(m^ v ,) by Theorem 7.8. From 
(17.10) and Proposition 11.7, it follows that 

(a|v) - (a'|Av) = («' Uv') = £ (a' | v') . 

□ 

We will now give a useful alternative form of Corollary 17.5 by means of the 
number 

N 

(17.12) I (J) = v * xN ~* = + V 2^ N ~ 2 + ■■■ + vjv-iA + 1, 

i=l 

where v\ — 1, i>2, ■ ■ ■ , Vn-i, vn — 1 are the components of the right Perron- 
Frobenius eigenvector in Lemma 17.2. The next corollary says that I (J) is an 
invariant in the context A = mjv- 

Corollary 17.6. Let J, J' be matrices of the form (11.2) with tun = A and 
m' N , = A' . If 21,/ is isomorphic to 21 j> then 

(17.13) I (J) = I (J 1 ) . 
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Proof. Using Lemma 7.2 and (17.5) we have 

(a\v) =1 + v 2 j + ---+v n ^j^ + 

= (A^- 1 + v 2 X N ~ 2 + ■■■ + v N ^X + l) , 

and a similar expression is valid for (a' | v'). Combining this with (17.11) we find 
an element £' e Z [jj with a multiplicative inverse such that 

e (A^- 1 + ^A^ 2 + • • • + v N ^X + 1) = (A'^- 1 + v' 2 N - 2 + ■■■ + v'^X' + 1) . 

Now, we may find two disjoint subsets of {pi, . . . ,p n }, say P + and P_, such that 

e= n p n{p) n ^ n(9) ' 

where n (p) e N, n (<?) G N. The relation above may be written 

IJ (A^- 1 + v 2 X N - 2 + ■■■ + VN-iX + 1) 
P eP+ 

= H q n ^ (X'"- 1 + v' 2 X' N ~ 2 + ■■■+ v' N _^ + 1) . 

qGP- 

Since the primes pi, . . . ,p n are all distinct, and all of them are factors of both A 
and A', and thus none of them are factors of the polynomials (■ ■ ■ + 1) above, it 
follows that P + = P_ = 0. Thus f = 1. But this means 

\N—1 I I \ \l N-1 i f I /\ 

A {a | v) = A {a \ v ) 

and 

(17.14) / (J) = A"" 1 + v 2 X N - 2 + ■■■ + v N ^X + 1 

= A' Ar - 1 +^A' Ar - 2 + ... + ^_ 1 A' + l 

= /(J'). □ 

Under some circumstances, Corollary 17.6 can be used to give more amenable 
conditions for isomorphism. 

Corollary 17.7. Let J, J' be matrices of the form (11.2) with tun = X and 
m' N , = A'. 

If there is a unital isomorphism 21,/ — ► 21 j* and X = X' , then 

(17.15) (a|v) = (a'\V). 

If there is a unital isomorphism 2lj — ► 21 j> and A' is an integer multiple of X, 
then 

(17.16) A = A'. 
Proof. The first statement follows from the formula 

(a\v) =X-( N - 1 '>I(J) 

in the beginning of the proof of Corollary 17.6, as well as from the corollary itself, 
and the fact that N is an isomorphism invariant (Theorem 7.8). 
For the second statement, note that (17.13) implies 

(17.17) ^A^ 2 + • • • + v N ^X = X'"- 1 - X"- 1 + {v' 2 X' N - 2 + ■■■ + v'^X') , 
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and the expression in parentheses is positive. We have assumed that A' is an integer 
multiple of A, and if this multiple is > 1 we will show the contradiction 

(17.18) v 2 \ N ~ 2 + ■■■ + v N ^X < A'^ 1 - A^ 1 . 
This will prove the lemma. Since 

(17.19) v 2 X N - 2 + ■■■+ v N ^X < XX N - 2 + X 2 X N - 3 + ■■■ + X N ~ 2 X 

= (N-2)X N - 1 
by (14.5), (17.18) will follow if we can show that 

(N-^X^KX'^-X^ 1 

or 

{N-l)< {X'/Xf' 1 . 
But as A' is an integer multiple of A, this says 

(N- 1) < 2 N -\ 

which is obvious when N > 1. □ 

Lemma 17.8. Adopt the assumptions and notation in Lemma 17.1. Then G has 
a direct sum decomposition 

(17.20) G = Z w - 1 ®Z[i] v, 

where Z N ~ X identifies with the elements of 7L N with zero first coordinate. If a = 
(l, j, . . . , AJV 1 _ 1 ) and (i — (j, . . . , AW 1 _ 1 ) ; an element x © £v of G is positive if 
and only if (/? | x) + £ (a | v) > 0. 

Proof. Put H = 7L N ~ X © Z [I] v. Since v\ — 1, this sum is really direct, and it 
follows from (17.1) that H C G. Conversely, if y+£v g G, define £ = £+ yi e Z [I] 
and write y + £v = (y — yiv) + £'v. But y — yiv e Z w_1 since vi = 1, and hence 
y + £v = (y - yiv) + £'v G Z^" 1 + Z [I] v. Thus G <Z H and G = H. Since x e G 
is positive if and only if (a | x) > the last statement is clear. □ 

Lemma 17.9. Let J, J' be matrices of the form (11.2) with X = rriN and X' — m' N ,, 
Prim (A) = Prim (A'), N = N' , and I (J) = I (J r ), so that 

G = Z N + Z [II v = Z"- 1 © Z [I] v, 

(U 21) 

1 ' ' G'=Z N +Z[{] v' = Z^" 1 © Z [I] v' 

by Lemma 17.1 and Lemma 17.8. Then any unital order isomorphism 9: G — > G' 
has the form 

(17.22) 0(x,£v) = (Ax, (??(x)+eA' Ar - 1 A- (Ar - 1) ) v') 

relative to the right decompositions, where 

(17.23) AeGL(Af-l,Z), 

(17.24) 77 e Horn (Z^ 1 ^ [I]), 

(17.25) ( / 3|x) = (/3 / |^x)+r ? (x)(a / |v / ), 

(17.26) Av = v' and r? (v) = X' N ~ 1 X~^ N ~ 1 ^ - 1 
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where 



(17.27) 



/ «2 \ 



/ v> 2 \ 



v = and v = 

vn-i v n-i 

IW V i / 

Conversely, if (A,rj) satisfies (17.23)-(17.26), then (17.22) defines a unital order 
isomorphism G — ► G' . 

Proof. Let A G GL (AT, Z [i]) be the matrix in Proposition 11.7 implementing the 
isomorphism. By Lemma 17.4, Av = £v', and by the proof of Corollary 17.5, 



(a\v) _ A-( JV - 1 )/(J) 



X'-W-VliJ') 
Av = A' Ar - 1 A-< Ar - 1 )v'. 



= A ,j V -i A -(j V _i) 



(a' | v') 

and thus 
(17.28) 
This shows that 

e(^) = ^\ ,N - 1 \- (N - 1) v 

for all £ e Z [ j] . Furthermore we must have 
(17.29) 6\ zN -i=A® V (-)v', 

where A e Mjv-i (Z) and 77 e Horn (Z w -\ Z [i]). Now, (17.22) follows from 
(17.28) and (17.29). For 9 to be onto, A must be surjective and hence A e 
GL (N, Z). The condition (11.14)(2) in Proposition 11.7 is equivalent to 

(0 I x) + £ (a I v) = (/?' I Ax) + (a' 1 77 (x) v') + ^x' n-i x -(N-i) (c/ | V) 

for all x® £v e Z^- 1 ® Z [±] v and since X"' 1 (a\v) = I (J) = I (J') = 
A ,Ar_1 (a' I v'>, this is (17.25). Finally noting that 



v<v 

(17.26) is a transcription of (11.14)(5): 

Av - Av = A' JV-i A -(at-i) v ' _ ^ ( - ) V) 

= (-Av, (-r/ (v) + A' ^-^-^-^v')) . 



But since A 



this is equal to 



v'-v' = (-v',v'), 

which is equivalent to (17.26). 

For the converse statement, one has to verify that if 9 is defined by (17.22), 
then 6 satisfies the conditions in Proposition 11.7, but this follows by the same 
computations as above. (Note that as 9(G) = G", the conditions (3) and (4) in 
Proposition 11.7 are automatic. To show 9 (G) = G' , note first that 9 (Z [i] v) = 
Z [j] v', and next, since A is onto, there is for any m e Z w_1 an n e Z N ~ X with 
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An = m, but then 9 (n © (—77 (m) v)) = Av © = m © 0, thus 8 is surjective. It is 
clearly injective.) □ 

Note that Lemma 17.9 hints at a method of constructing unital order isomor- 
phisms (A, r/). First find an A £ GL (N — 1, Z) satisfying Av = v', and then solve 
(17.25) for t] (x). However, one then has to check (17.24) and the remaining condi- 
tion in (17.26), and these conditions are very restrictive. This is illustrated by the 
following lemma. 

Lemma 17.10. Adopt the notation and general assumptions in Lemma 17.9. If 
(A,rj) is a solution of the conditions (17.23)-(17.26), then 

(17.30) ,(Z^)c(i£l^l) N "z, 
and thus one may without loss of generality replace (17.24) by 



(17.31) T] £ Horn ■E N ~ 1 , ( °"" v "'" ; I Z 



gcd(A,A') 
A 



N-l 



In particular, if A = A' , then 

(17.32) t) £ Hom(Z Ar - 1 ,Z) . 

Proof. Note first that by the beginning of the proof of Lemma 17.7, (a' \ v') has 
the form 

(17.33) (^KH^ 1 )-^') 



X'N-l \/N-l> 

where a is a positive integer. But it follows from (17.25) that 

«/?|x)-</?'|Ax» 



?7(x) 



(a' I v') 
A'^-M^lx)-^'!^)) 



I (J') 



A ,Ar 1 ( A jf-iZ+ A , J ^_ 1 Z) 

7(jo 

0) z + z 

gcd(A,V) jV -% 
A^" 1 / (J) 



But on the other hand 



r?(x)eZ[i] 

by (17.24), and since I (J) = (a\' + 1) is mutually prime with A, (17.30) follows. 
The remaining statements in Lemma 17.10 are obvious. □ 

Note that among the solutions of the relations in Lemma 17.9 one can always 
look for one of them with 77 = 0. Because of (17.26) such solutions only exist if 
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A = A', and then A must satisfy 

A e GL (N - 1,Z) 

(17.34) i(/?|A=(/3| 

Av = v'. 

V 

Thus if A = A', the existence of an A with the properties in (17.34) is a sufficient 
condition for isomorphism. We next formulate a rather complicated condition which 
is both sufficient and necessary for general A, A'. 

Lemma 17.11. Adopt the notation and general assumptions in Lemma 17.9. Then 
a necessary and sufficient condition that G and G' are unital order isomorphic 
is that there exists an integer (N — 1) x (N — 1) matrix A = [»ij]f^ =1 with the 
properties 

(17.35) A g GL(N- 1,Z), 

JV 

(17.36) A /jV_1 A 1_i - "^2aji\' N ~ j G I(J)Z [j] for i = 2, 3, . . . , N, 

(17.37) Av=v'. 

Thus a necessary condition for isomorphism is that 

(17.38) X' N - 1 X 1 - N e/(J)Z[i] +Z. 

Remark 17.12. Note that since all the terms on the left side of (17.36) are integers 
except A 1-1 , and I (J) is mutually prime with A and A', and Z [i] is closed under 
division by A, the condition (17.36) can be formulated in the following more user- 
friendly way: 

JV 

(17.39) X i - 1 ^2a ji \' N - i E X' N - X +I(J)Z 

3=2 

for i = 2, 3, . . . , N. 

Proof. We know that the conditions (17.23)-(17.26) in Lemma 17.9 are necessary 
and sufficient. But with A given, one may use (17.25) to define r], 

(f3 1 x) -([3'\ Ax) 



fj (x) 



{a | v 

v/JV-l 



X'^dPW-iP'lAx)) 



I (J') 

and since I (J') = I (J) is relatively prime to both A and A', we see that (17.36) 
is necessary and sufficient for (17.24) by putting x = e2, e3, . . . , ejv- Finally if rj is 
defined as above we have 

A /JV - 1 </?|v)-A /JV - 1 </?'|v') 



V (v) 



I (J) 

X' jv - 1 ((q | v) - 1) - A'^- 1 ((^ | V) - 1) 
I (J) 

yJV-l A -(JV-l) /(J) _ J(J) 
/(J) 

a/ jv-i a - ( jv-i)_ 1; 
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so the last condition in (17.26) is fulfilled. 

Finally, (17.38) follows by putting i = N in (17.36). □ 

We will now apply this theory to more specific examples. 

1. The case N = 1 

Here one has A = m N automatically, and the corresponding C* -algebra 21l is 
the UHF-algebra of Glimm type A°° [47]. Thus the algebras corresponding to A 
and A' are isomorphic if and only if Prim(A) = Prim (A'). (Note that / (J) = 1 in 
all these cases, so this invariant does not separate isomorphism classes.) 

2. The case N = 2 

Here it follows from (13.2) that the possible J's with N = 2 and A = are 

,17.40) J) 

for A = 2, 3, ... . By Lemma 17.2, v = ( \ ), and by (17.12), 

(17.41) I(J) = X + 1. 

It follows from Corollary 17.6 that all the algebras corresponding to (17.40) for 
A = 2, 3, 4, 5, . . . are pairwise non-isomorphic. 

3. The case N = 3 

Using Lemma 17.2 one observes that if A e {2,3, . . .} is given and A = ms, 
then J has the form 

(\-v 2 1 0\ fl 

(17.42) J = [ Xv 2 — 1 1 with v = \v 2 

\ A Oj \1 

where 1 < v 2 < A. Using (17.12) one computes 

I (J) = A 2 + ?; 2 A + 1. 

Hence an immediate corollary of Corollary 17.6 is: 

Proposition 17.13. If J, J' are matrices of the form (17.42) with A = A' and 
N = 3, then 2lj and Qlj> are isomorphic if and only if J = J' . The same is true if 
one A is an integer multiple of the other. 

Proof. The last statement follows from Lemma 17.7, (17.16). □ 
Let us now look at the example 

A = 48 = 2 4 • 3, A' = 54 = 2 • 3 3 . 
Then one computes that I (J) = I (J') for exactly the following four pairs: 



«2 


15 


24 


33 


42 


v' 2 


2 


10 


18 


26 



In general the solutions of (17.39) together with (17.35) and (17.37) in Lemma 
17.11 may be found as follows. 
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Let A—[ a b J = r 22 fl23 ] . Then (17.37) is fulfilled if and only if 



k c dj \a 32 a 33/ 

b = v' 2 — av 2 , 
d = 1 — cv 2 , 
and then (17.35) holds if and only if 

det A = a — cv 2 = ±1, 
and it follows that the conjunction of (17.35) and (17.37) is valid if and only if 

(17.43) A=H ±1 v> 2 -cv 2 v'Tv 2 

v ' \ C 1 — CW 2 

for an integer c. To determine this integer, we use (17.39) to deduce (for i = 2, 3): 

(17.44) cA (v 2 X' + 1) g (TA + A') A' + / (J) Z, 

(17.45) cw 2 A 2 (^A' + 1) e (v' 2 T v 2 ) A 2 A' + A 2 - A' 2 + / (J) Z, 
where 

(17.46) / (J) = A 2 + v 2 \ + 1 = A' 2 + v' 2 \' + 1 = 1 (J') . 

Now, let us note that (17.45) actually follows from (17.44), with the same c. This 
is because (17.44) implies that 

(17.47) cA (v 2 X) (v' 2 X' + 1) C V2 X (+X + A') A' + / (J) v 2 XZ 

C w 2 A(tA + A')A' + /(J)Z. 

But note that 

:= V2 X ( T A + A') A' - ({v' 2 T v 2 ) A 2 A' + A 2 - A' 2 ) 
= i; 2 AA' 2 -i; 2 A 2 A'-A 2 + A' 2 . 
As / (J) = A 2 + v 2 X + 1 = A' 2 + w 2 A' + 1 = 1 (J') we have that 

A 2 -A' 2 =v 2 X'-v 2 X, 

and hence 

D = w 2 AA' 2 - v' 2 X 2 X' - v' 2 X' + v 2 X 
= v 2 X(X' 2 + l)-v' 2 X' (X 2 + I) 
= v 2 XI (,]') - v 2 Xv' 2 X' - v' 2 X'I (J) + v' 2 X'v 2 X 

ei(J)z. 

Thus (17.45) follows from (17.44), i.e., the two conditions (17.44) and (17.45) are 
equivalent to (17.44) alone. But now observe that 

w 2 A' + l = /(J')-A' 2 , 

and hence (17.44) is equivalent to 

-cAA' 2 e (+X + X r )X' + I(J)Z. 

Since A A' 2 is relatively prime to I (J), it follows from the Euclidean algorithm 
within Z that this relation always has a solution c in Z! Thus we have proved: 

Theorem 17.14. If J, J' are matrices of the form (17.42), the following conditions 
are equivalent. 
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(a) 2lj and 21 j/ are isomorphic. 

(b) Prim (A) = Prim (A') and I (J) = A 2 + v 2 X + 1 = A' 2 + i> 2 A' + 1 = / (J'). 

Proof. The necessity of the conditions was established in Theorem 7.8 and Corollary 
17.6. The sufficiency follows from Lemma 17.11 as argued before the theorem. □ 

Remark 17.15. It follows from the argument that the A £ GL(2, Z) and the 
j] e Horn (Z^^Z [j]) corresponding to the isomorphism can and must be taken 
to be 

CV' 2 ±1 V 2 — CV2V 2 T V2^ 

c 1 — cv 2 



A 

where c is any solution of 



cAA' 2 € (±A- A')A' + /(J)Z 

and rj is then defined by (17.25). 

In particular the four pairs mentioned after Proposition 17.13 define isomorphic 
algebras. For example, the algebra defined by 

33 1 0> 

J = I 719 11 with A = 48 and v : 



48 0, 



is isomorphic to 



/ 52 1 0\ 
J 1 = [ 107 1 with A' = 54 and v' = 

\54 0/ 

Here / ( J) = / ( J') = 3025, and the Euclidean algorithm gives 

c = -313308 = 1292 (mod 3025) 
and thus one A that can be used is 



. _ /2585 -38773\ 
1^1292 -19379/ 



4. The case N > 4 

In this section we prove that Theorem 17.14 remains valid also in the general 
A = ttin case, i.e., {N, Prim A, I (J)} is a complete invariant. If A is a matrix in 
Mjv-i (Z) of the form 

(17.48) A = (a 2 a 3 • • • a N ) 

in terms of column vectors sl 2 , ■ . ■ , ajv, then an easy computation shows that = 
v' as in (17.37) if and only if 

(17.49) a N = v' - v 2 a 2 - v 3 & 3 ujv-iajv-i- 

Thus condition (17.35) says that 

(17.50) det (a 2 a 3 • • • a^^ v') = ±1, 
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and what remains is to choose a 2 , a3 , 
example, try 



(17.51) 



/«2 







\C2 





A3 



C3 



ajv-i 
cjv-i 



, ajv-i such that (17.39) is satisfied. For 

\ 



V 2 - a 2 v 2 
v' 3 - a 3 v 3 



v 



JV-l 



aN-lVN-l 



C2V2 - c 3 v 3 



CN-lVN-lJ 



Fixing c 2 , c 3 , . . . , c^v-i, one may now choose ajv-i, «jv-2, • ■ • , «2 successively such 
that the determinant of the lower right k x k matrix is 1 for k — 2, 3, . . . , N — 1. 
This leads to the recursion relations 

ClN-l = 1 + Cjv-1Vjv_i, 
OAT-2 = 1 + CN-2<lN-lV N _2, 
(17.52) ClJV-3 = 1 + CN- 3 aN-2(lN-lv' N _ 3 , 



0,2 = 1 + C2d3£l4 • • • ClN-lV 2 - 

Inserting this in (17.39) gives a way of determining suitable values of C2, . . . , cjv_i as 
in the N = 3 case, but we have by now already made several arbitrary choices which 
we did not need to do in the N — 3 case, and it is not quite clear that this approach 
leads to the goal. There is, however, one case where it does, namely if A = A'. Then 
one may simply choose c 2 = c 3 = ■ ■ ■ ~ Cjv-i = 0, and so a 2 = a 3 = ■ ■ ■ = a^-i = 1 
and 



(17.53) 



(\ 

1 



\0 



v 2 - v 2 
v' 3 - v 3 



V N-1 - V N-1 
1 



Since A = A', (17.39) is automatically satisfied, and we have 

Theorem 17.16. Let J, J' be matrices of the form (11.2), and assume that A = 



m,N = A' 



N ' 



Then the following three conditions are equivalent: 



and 



(a) 2lj and %j> are isomorphic; 

(b) N = N' and I { J) = I (,]'); 

(c) N — N' and {a \ v) = (a' \ v') . 



Proof. This follows from the remarks before the theorem, Lemma 17.11, Corollary 
17.6, and the formula 



(17.54) 



(a|v)=/(J)/A 



JV-l 



□ 



Example 17.17. The present example shows that Proposition 17.13 does not 
extend to the case TV = 4, i.e., isomorphism does not imply A 7^ A', and it also 
shows that Theorem 17.16 is not merely concerned with the empty set. 
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The example is 



(17.55) 



J 



Here A = A' = 3, and 



(17.56) 



/I 


1 





°\ 


2 





1 





11 








1 


\3 








0/ 








/1\ 








2 




V 




4 



J' 





1 





°\ 


8 





1 





2 








1 


\3 








V 



3 
1 

w 



See Figure 20. Using the unique decomposition 
(17.57) 








(a|v) 



+ w, 



where (a | w) = 0, one sees that the n'th row vector in the left diagram in Figure 
20 behaves asymptotically like 

(17.58) 3 "7T7TT = S-3 n - (1,2,4,1), 



(a | v) 58 

and the n'th row vector in the right diagram in Figure 20 behaves asymptotically 
like 

27 

(17.59) — -3™ • (1,3,1,1). 



(The latter matrix has an eigenvalue —2.769 . . . , which is negative and close to 3 
in absolute value, therefore the slow and oscillatory convergence to the asymptotic 
behaviour indicated by the figure.) One can now check that the conditions in 
Lemma 17.9 are fulfilled with 

/I 1\ 

(17.60) A = 1 3 , r? = 0. 

\0 lj 

In fact, since A = A' = 3 and r) = it suffices to check (17.34), and that is 
straightforward. Thus the two AF-algebras 2lj and 2tj< are isomorphic, showing 
that Proposition (17.13) does not extend to N = 4. Computing the matrix A in 
Proposition 11.7 for this example, one finds 

/l \ 
10 1 
1-3 
\0 1 ) 

We are now ready to state and give the proof of the main result in this chapter. 

Theorem 17.18. (K.H. Kim and F. Roush) Let J, J' be matrices of the form 
(11.2) satisfying the standard requirements there, and assume that A = tojv an d 
A' = m' N , . Then the following conditions are equivalent. 



(17.61) 



(a) 2lj and 21 ji are isomorphic. 

(b) N = N' , Prim (A) = Prim (A'), and I (J) = I {J'). 
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Figure 20. L = {1, 2, 2, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 4, 4, 4}, first col- 
umn = (1 2 11 3)* (left); L = {2,2,2,2,2,2,2,2,3,3,4,4,4}, first 
column = (0 8 2 3)* (right). See (17.55)-(17.61). These diagrams 
represent isomorphic AF-algebras. 
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We will establish later, in Corollary 17.21, that these conditions are also equiv- 
alent to stable isomorphism of 21 j and 21 j/ . 

In order to prove this theorem, we will need some elementary facts about 

(17.62) 5„ = {xeZ"\{0}|gcdx-l}, 

where n is a natural number, and gcdx is the greatest common divisor of the 
components of x. If x e Z™ we write (x | if we think about x as a row vector and 
|x) if we consider x as the column vector which is the transpose of (x|. Thus, by 
the Euclidean algorithm, 

(17.63) S n = {| x) e Z" | 3 (t | e Z n 3- (t | x) = 1} . 

Note that GL(n, Z) (i.e., the group of matrices in M n (Z) with determinant ±1) 
acts on | <S„) by multiplication from the left. The reason is that if x £ S n , there is 
a t € Z™ with (t | x) = 1, and hence (t | A~ x A | x) = 1, so Ax £ S n . We next argue 
that 

(17.64) The action of GL (n, Z) on S n is transitive. 

Proof. By [68, Theorem II. 1], there exists for any | a) £ | S n ) a matrix A a £ 
GL (n, Z) such that the first column of A a is | a): this means | a) = A a | ei). But 
if | (3) £ | S n ), this means A a A' /3 1 \(3) = \ a) and transitivity follows. □ 

Now, let us prove 

Lemma 17.19. If a^ x \ a^ 2 \ vi, v 2 £ S n , the following conditions (17.65) and 
(17.66) are equivalent ifn>3. 

(17.65) There is an A £ GL (n, Z) such that | A = (a (2) | and A \ vi) = | v 2 ) . 

(17.66) (c*W |v 2 ) = (a {2) |vi) . 

(The implication (17.65) => (17.66) is true for all n, but the converse implication 
may fail for n = 2.) 

Proof. (Due to K.H. Kim and F. Roush.) If (17.65) holds, then 

( a « | v 2 ) = («W | A | vi) = (a (2) | vi) . 

If, conversely, (17.66) holds, first choose matrices U, V e GL (n, Z) with 

(aW|i7=(ei|, y|vi) = |ei). 

This is possible by (17.64). It follows from Lemma 17.20, below, that there exists 
a matrix B £ GL (n,Z) such that the first column in B is U^ 1 | v 2 ) and the first 
row in B is (a^ \ V -1 . For this, we note that U^ 1 \ v 2 ) e | S„) and (a* 2 ) | £ 
(S n |, and the first component of U^ 1 \ v 2 ) is (ei | U^ 1 \ v 2 ) = (a^ 1 ' | UU^ 1 \ v 2 ) = 
( a (!) I v 2 ) = (a< 2 ) | vi) = (a^ | y-iy | vi) = (a^ \ V^ 1 | ei) = the first component 
of (ay>\V- 1 . Now put 

A = UBV. 

Then 

| A = (a^ | UBV = (ei | = (a^ 2 ) | V"^ = (a (2) | , 

and 

A | vi) = UBV | vi) = f7B | ei) = C/C/" 1 1 v 2 ) = | v 2 ) . □ 
Thus, we have to prove 
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Lemma 17.20. Let a, (3 be vectors in S n with ol\ — (3\, and assume that n > 3. 
Then there exists a matrix V G GL (n, Z) such that the first column in B is \ a) 
and the first row is (/3\. 

Proof. (Due to K.H. Kim and F. Roush.) We will use the fact that row, respectively 
column, operations on a matrix can be effectuated by multiplying from the left, 
respectively right, by matrices in GL (n, Z). For example, interchanging the first 
two rows in A corresponds to multiplying A from the left by (? J) © ln-2, and 
adding p times row 2 to row 1 corresponds to left-multiplying by ( ^) ® J-n-2- 
The corresponding column operations follow by taking the transpose. If now A e 
GL (n, Z) is a matrix of the form 





1 








A = 




OL2 


* 


* 




V 




* 


* 



let 7i = gcd (/? 2 , • • • , Pn), and choose p 2 , p 3 , . . . , pa such that P2P2 H YPnfin = 7i- 

Let J7i be a matrix in GL (n — 1,Z) with first column : (it exists by [68, 
Theorem II. 1]). Now multiply by A from the left to obtain 





(l 


••• 






(l 


• 


■ 


A 









= A 





P2 


* 




V 




J 




V 


Pn 


* 





7i 72 ' 


.. 7 .\ 

In— 1 




* 


* 


a 3 








* 


* 


a n 







where the remaining elements 72, ... , 7n-i on the first row are linear combinations 
of Pi-,- ■ ■ i fin, and thus multiples of 71. By subtracting integer multiples of the 
second column from the remaining columns, one finally finds a matrix U € GL (n, Z) 
such that 





7i 


• • 


a 2 


* 


* 


a 3 








* 


* 


a n 




1 



\ 
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Putting 72 = gcd (a2, . . . , a„) and transposing all these operations, one finds a 
V e GL (n, Z) such that 





7i 


• • 


72 


* 


* 











* 


* 


o 







VAU = 



J 

where gcd (72, oti) = 1. Thus, if we can prove Lemma 17.20 for this kind of matrices, 
the general Lemma 17.20 follows by multiplying from the left and right by the 
inverses V^ 1 , U^ 1 . This reduces the proof of Lemma 17.20 to the case 



and gcd (ai, 02) 
use the matrix 



a 3 — a A = ■ ■ ■ = a n = = /? 3 = /3 4 = • • • = /?„, 
= gcd(/3i,/?2) = 1 where still ot\ = (3\. But to this end one can 



(OLI 


ft 







1 


X 





1 


y 












o\ 







\ ••• 1/ 

The determinant is a\ (y — x) — OLifiiVi but as gcd (on, 012^2) = 1, this can be made 
equal to 1 by choosing the integers (y — x) and (— y) by the Euclidean algorithm. 
This ends the proof of Lemma 17.20, and thus of Lemma 17.19. Note that if n = 2 
the proof above does not work: One must choose an integer x such that 



Oil 
«2 



02 
X 



OL\X ~ O202 = ±1 



when a\, 02, P2 are given with gcd (a\, 0^2) 
impossible in general. 



gcd(ai,/?2), and this is clearly 

□ 



Proof of Theorem 17.18. (Due to K.H. Kim and F. Roush.) If J, J' are matrices of 
the form (11.2) with A = and A' = m' N ,, then N = N' and Prim (A) = Prim (A') 
by Theorem 7.8, and then I (J) = I (J r ) by Corollary 17.6. This proves (a) (b). 
The converse implication follows in the cases N = 1, 2, 3 by Theorem 17.14 and the 
discussion around (17.41), so we may assume N > 4 from now on. Assuming (b) 
it follows from Lemma 17.11 and Remark 17.12 that 2lj and 2lj< are isomorphic if 
and only if there exists a matrix A e GL (N — 1, Z) such that 

mod I (J) Z"- 1 



(17.67) 
where we now define 
(17.68) 
and 
(17.69) 



(f3'\A=(f3\ 



(3' = X N - 1 (X' N - 2 ,X' N - 3 ,...,X',1) 



p = x' N - 1 (x N ~ 2 ,x 



N-3 



,A,1) 
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and 

(17.70) A\v) = \v'). 
Now, one checks that 

(17.71) (/?' | v') = A^ 1 (\' N ~ 2 c 2 + ■■■ + AVjv.i + 1) = A^ 1 / (J) - X N ~ 1 X' N ~ 1 
and 

(17.72) (/3|v) = A'"" 1 / (J) - A'^'A*- 1 , 
and thus 

(17.73) (/3'|v') = (/3|v) + (A Ar - 1 -A' 7V - 1 )/(J) = (/3|v) mod /(J). 

Now we cannot apply Lemma 17.19 directly on = (3 1 , = /3, Vi = v, V2 = v', 
for two reasons: we do not have (3,(3' £ S n , and the condition (17.66) is only ful- 
filled modulo I (J). But let us remedy this by modifying (3, (3' as follows: First add 
an integer multiple of / (J) (0, 0, ... , 1) to (3' to obtain a new (3', called such 
that ((3^' | v') = ((3 | v) . This is possible since the last component of v' is 1 by 
(17.27). Now modify the new (3^' to (3^' by adding integer multiples of the vec- 
tor / (J) (0, 0, . . . , 0, — 1, v' N _ 1 ) to (3^' until the second-to-last component contains 
none of the prime factors in Prim (A) = Prim (A'). This is possible since / (J) is rel- 
atively prime to A and A'. Then {(3^' | v') = | v') since (0, 0, . . . , 0,-1, v' N _ 1 ) 
is orthogonal to v' and (3^' £ S„ . Finally, modify (3 to (3^ by adding multiples of 
/ (J) (0, 0, . . . , 0, — 1,Vn-i) until the second-to-last component is relatively prime 
to the first N — 3 components. Then ((3^ | v) = ((3 | v) and hence 

(/3( 2 )'|v') = (/3|v). 

But since N — 1 > 3 we may now apply Lemma 17.19 to find an A £ GL (N — 1, Z) 
such that 



But since 
and 

it follows that 



((3 (2)/ | A = ((3 (2) | and A \ v) = | v') . 
(/3( 2 )'| = (^| modI(J)Z N - 1 
(/3( 2 )| = (/3| mod/(J)Z JV - 1 , 



(/3'|A = (/3| mod I(J)Z N -K 
Thus (17.67) and (17.70) arc fulfilled and Theorem 17.18 is proved. □ 

Let us end this chapter by mentioning that the equivalent conditions (a) and 
(b) again are equivalent to the condition that 2lj and 2tj< are stably isomorphic, 
i.e., to that 2lj(g)/C (Tt) is isomorphic to 21 jv <g> K, (Tt), where K, (Tt) is the C*-algebra 
of compact operators on a separable Hilbert space Tt. This is due to the very special 
position of [1] in K (21 j), and this property has no general analogue: For example, 
it is impossible to find an automorphism of Z [|] mapping 1 into 3. 

Corollary 17.21. Let J, J' be matrices of the form (11.2) satisfying the standard 
requirement there, and assume that A = and A' = m' N ,. Then the following 
three conditions are equivalent. 

(a) The triples (K (21 j) , K (2l, 7 ) + , [1]) and (K (21^) , K (2kr)+ , [1]) are 
isomorphic, i.e., the dimension groups are isomorphic by an isomorphism 
mapping [1] into [1]. 
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(b) The dimension groups (Kq (21j) , Kq (21j) + ) and (Kq (21 j') , -Ko (2lj')+) 
are isomorphic. 

(c) JV = N', Prim (A) = Prim (A'), and I (J) = J (J'). 

Proof. The equivalence (a) 4=> (c) is Theorem 17.18, and (a) =>■ (b) is trivial. Thus 
it suffices to show that (b) => (c), so assume (b). Then one establishes N = N' 
and Prim (A) = Prim (A') exactly as in Theorem 7.8, and it remains to establish 
I (J) = / (J'). For this one notes that Proposition 11.7 remains true in the context 
of nonunital isomorphism with the exception that the condition 5 is just removed, 
and condition 2 is replaced by 

(a' | A = fi (a | , 

where /i is a positive scalar. But since [i induces an automorphism on the range 
Z [j — Z of the trace, it follows that fi is an invertible element of the ring 
Z \j . Now the Lemmas 17.1-17.3 do not involve [1] and are still valid, and then 
Lemma 17.4 is valid with the same proof. Now the equation in the proof of Corollary 
17.5 becomes 

(a | v) = /i- 1 {a 1 1 Av) = ^ {a 1 \ £v') - (a 1 \ v') , 

so Corollary 17.5 is still valid. The proof that I (J) = I (J') is now exactly as in 
the proof of Corollary 17.6. □ 



CHAPTER 18 



Further comments on two examples from Chapter 

16 

We now consider two sub-examples with N — 3, d = 5. Although the groups 
Kq and K (2lz/) have the same rank, we will show directly in Examples 18.1 
and 18.2 that they are non-isomorphic. The details also serve to illustrate what goes 
into the computation of some particular inductive limit which is not immediately 
transparent. 

The two algebras corresponding to x + 4x 3 = 1 and 3x 2 + 2x 3 = 1 are the two 
with stabilized diagrams 




i.e., with incidence matrices 





i 






1 









\ 


h - [I 



















0/ 



The two examples above both have (3 = In 2, and rank (K (21^)) = 3 (and d = 
5), but the two dimension groups are actually non-isomorphic since the Prim(<5) 
invariants are different; see the N — 3 case in Chapter 16. We will, however, 
establish this the hard way in Examples 18.1 and 18.2 by showing that the respective 
ker (r)-groups in the two examples are non-isomorphic. 

Example 18.1. This is an elaboration on Remark 9.3. 

/I 1 0\ 
Ji = 1 
\4 0/ 

The Frobenius eigenvalue is 2 (see (5.8)) and the corresponding normalized left 
eigenvector a is 

«= (1.3.3) 
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by (5.17). Ji has eigenvalues 2 and A± 



|A±| < 2; Ji leaves the 



subspace orthogonal toa=(l,5,^) invariant. This is spanned by the vectors 



ei 



e2 







and one computes that the matrix of the restriction of J to this subspace is 

Jo = (-2 

We may compute the iterated inverses Jq" by straightforward spectral theory, and 
if we put 

M = (l - iVtj /4 

the result is 

1 i / i i P- i m \ 



-1 1 

-2 



(-2)" M - M 
The eigenvector of J\ with eigenvalue 2 is 



" T T 



Thus, if 



then 



eo 



A = (e ei e 2 ) 







1 





■1 




-2 






















f 


-1 








-2 


0/ 





and 



Thus 



We have 



A" 1 Jf"A = (A" 1 JiA) " 



2 -n 


o v 









Jf" = A 



2 -n 












'4 2 1 
4 -2 -1 | 

,4 2 -3; 



Thus the dimension group, as a subgroup of K 3 (N = 3), is 
oo /l 

U ' 



1 1 

-2 1 
n=0 " \2 -2, 



2 -n 












4 2 1 
4 -2 -1 | Z 3 
4 2 -3; 
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(where the union is increasing), i.e., (J M„Z 3 when M n is the product matrix. The 
range of the trace on K is a applied to this set (the range of the trace on 21 l is 
gotten by intersecting with [0, 1]). We have 




= (2 _n 2~ n+1 2~ n ~ 2 ) , 

i.e., aM n = (2~ n 2~" _1 2~™~ 2 ), and applying this to Z 3 we reconfirm that the 
range of the trace is the set of all dyadic rationals. The range of the trace on the 
m'th term in 

Z 3 — > Z 3 — ► ■ ■ ■ 

is 

2- m+1 (a\Z 3 ) = 2~ m+1 (l,i,i)Z 3 
= 2" m+1 Z. 

Now, the infinitesimal elements of the m'th Z 3 are the elements of the kernel of 
aJi m+ = 2~ m+1 a, i.e., the elements of the kernel of a, that is elements of Z 3 of 
the form 

m 

n 2 I = niei + (2m + n 2 ) e 2 , 



— 4ni — 2n 2 , 



where ni,n 2 G Z. Thus 



ni 

Jf" | n 2 I = A I 

-4m-2n 2 / V 



\ / 

ni 

2ri! + n 2 , 



j-n 



Thus the dimension group of 21 l is an extension 

^ Go ^ K (2l L ) Z [|] — » 0, 

where Go = kerT is the group of infinitesimal elements. It is rather complicated 
to describe Go in the matrix formalism above, so let us instead use the algebraic 
description in (5.41), that is, 

G = Z [x] /po (x) Z [x] , 

where 

p L (x) x + 4x 3 - 1 2 

Po (x) = ^-i-f = — — = 2a: 2 + a: + 1. 

p Q (a;) 2x - 1 

Now, embed Z in Go as the group H generated by 1 (mod po (x)) (note that nl ^ 
(mod po (x)) for all n G Z\ {0}, so this is really an embedding). We argue that 

G /H = Z [i] . 
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We have 

Gq/H = (Z [x] /po (x) Z [x])/Zl 

= (Z [x] / (2x 2 + x + l) Z [x]) /Zl 
= Z [x] / ((2x 2 + x + 1) Z [x] + 1Z) 

as abelian groups. Let (p (x)) denote the residue class of the polynomial p in Gq/H. 
Let 

u = (x) = (-2x 2 ) = 2«i, 

where u\ = (—a; 2 )- Since 



(2x n+1 +x n +x n - 1 ) = 0, 



we obtain 



(x n ) = - (x 11 - 1 ) +2(-x n+1 ) 

for n = 1, 2, It follows by induction that the elements (x n ) are divisible by 2 

for n = 1,2,... (this is not true for n — by a use of Lemma 9.2.) Furthermore, we 
can find monic polynomials p n of degree n+1 such that the sequence u n — (p n (x) ) 
has the property 

u n+ i = 2u n 

for all n. But then {l,po (^) = %, Pi {%) — ~x 2 , . . . ,p2k-i (x) = —x 2 + x 3 — ■ ■ ■ — 
x 2k ,P2k {x) = x 2 — x 3 + ■ ■ ■ — x 2k+1 , ■ ■ ■} span all of Z [x], so uq, u\, . . . span all of 
Gq/H. It follows that 

Gq/H = Z [i] . 
Thus Go is an extension of the form 

— > Z — > Gq — > Z [|] — > 0. 
In conclusion we have the exact diagram 



I 
Z 

I 

— > Go — » (2l L ) Z [I] — » 0. 
I 

I 




Example 18.2. 



J 2 




Again the Frobcnius eigenvalue is 2 and the normalized solution of 

a J 2 = 2a 

is 
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J 2 has eigenvalues 2, —1, —1. With e±, e 2 as before, J 2 leaves the subspace spanned 
by ei and e 2 invariant, and the matrix of the restriction is 

-1 oj- 

The determinant is 1, and one computes that 

ei + e 2 = -1 

\-v 

is the unique eigenvector with eigenvalue —1. Using 

/! 

fi = ei + e 2 = -1 
V-2, 

and 

/ 2 = e 2 = I 1 

as basis instead, one computes that the matrix is 

-1 1 



and hence 



-1 



-J -<-»"fi 1 



for n = 0, 1, 2, The right eigenvector of J 2 with eigenvalue 2 is 

/o = I 2 



,1, 



Thus, if 



then 



and 



Thus 


x 
We have 

9 





1 


c 


-1 1 




-2 -2 









■) 















(-1)" 


v 








l) n n 









(-1)" (- 


-l) n n 


(■ 


_!)" 


' 4 2 




5 -2 




-3 3 
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Thus the dimension group as a subgroup of R 3 is 





9 

n=0 





1 






-1 


■ ( 




-2 







(-l) n n 
(-1)" 

The range of the trace is a = (l, i, i) applied to this set, which is 
oo /2~ n 0\ /4 2 l\ oo 

|J - (1 0) * * * * * * Z 3 = |J (2-' n 2- n+1 2-"- 2 ) Z 3 , 

n=0 \ * * * / \* * * J n=0 

which is not unexpectedly the set of dyadic rationals. Since the determinant of the 
matrix ( "q 1 _ 1 ) (or (~ 10 ))isl, this matrix defines a 1 — 1 map on the infinitesimal 
elements, so the group of infinitesimal elements is isomorphic to Z 2 . Thus K (21^) 
is an extension 

Z 2 K Q (2t L ) Z [I] — » 0. 

We see that the dimension groups of the two examples 18.1 and 18.2 are non- 
isomorphic, so the algebras are non-isomorphic. 
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